INTEGRATION

[ NCERT - Exercise -7.5

Integrate the rational functions in Exercise 1 to 21.:

LG

SOLUTION
Let I / xde * A B AG+2)4BG+1) .G Puti 1in (@) t
. (& = (&) = X = X X ... utting x = —1 1m (1), we g¢€
GrD)@+2) G+ )a+2) x+l xt2 g &

X e —1 n 2
(x+1)(x+2) x+1 x+2

—1=A(—-142)=A=—1Puttingx=—-2in (i), weget —2=B(-2+1)=B=2 .

—1
d
x+1+x+2 x

1= [ e/

/ = d+/ 2 log |x+ 1| +2log|x+2|+C = —log |x+ 1| +log (x +2)>+ C =1 (+2)? +C
= x x = —log|x og|x = —log|x og (x =log | ——
(x+1) x+2 & & g g g |x+1]
5 1
" x2-9
SOLUTION
dx 1 1 A B . . S
LetI:/xz_gLet 2.9 (x—3)(x+3):x—3+x+3:> 1 =A(x+3)+ (x—3) ....()) Putting x = 3 in (i), we get
1 . o 1 dx 1
:A(3+3) :>A:6Puttlng.x:_3 1n (1), WegetlzB(_3_3) #B:—glzfng x—3_x—|—3
— Utoglx— 3]~ togr 43 +C = tog|“ 2| ¢
= clloglv—3|—log|-+ 3] +C= log| =+
3 3x—1
T =1 (x=2)(x—3)
SOLUTION
Let/ = 3x_ldx We writ Sl A s 1 —AG-) (-3 B 1) (x—3
¢ / 1) ) DAl oy ey e ey e e St Lt A R R A S A
Cx— ) (1)Putt1ngx—11n(1) weget3—1=A(1-2)(1-3)=2=A(—1)(—2) = A =1 Putting x =2 in (i), we
get6—l— 2-1)(2=3)=5=B(1)(—1) = B=—5Puttingx=3in (i), weget 9—1=C(3-1)(3-2)=8=C(2)(1) =
Ce4- 3x=1 1 5 4:>1_/ 3x—1 d—/1d5/1d4/dx
B "(x—l)(x—Z)(x—S)_x—l_x—2+x—3 ) =) (x=2)(x—3) T T 2 e x=3
=log|x—1|~5log|x—2|+4log|x—3|+C
x
4,
(x—1)(x—2)(x—3)
SOLUTION
-Ltl—/ xdx We writ ! A B A2 (-3 B—1)(x—3)+
T T DG G- T G ) —2)(x—3) a1 x—2 x_3 T AVTIW TV
1
C(xfl)(xf2)..(i)Puttingx:1in(i),wegetI:A(le)(lfS)éA:EPuttingx:2in(i),Weget2:B(271)(273)
B = —2 Putting x = 3 in (i (3=C3-1)(3-2) = C=> - u S 2 .
= B=—2Putting.x=31n (), we get 3= C{ - _E"(xq)( 2)(x— 3)_2(%1) x—2 2(x—3)"
i N 1|1|21|2|+1|3\+c
/(xfl)( 3" Z/xfl /x 272/ x—3 2 %8¥ o8k OBl
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2x
" x243x+42
SOLUTION
Let 1 / 2 e We writ 2 2 A AG42)+B(x+1) () Put
N = —_— . = = = - .
¢ P TE Sl N Y ) (x+1)(x+2) x+1 x+2 * o * b Futing
2x
= —11in (i), t2(—1)=A(—-1+2) = A= —2 Putti = —21in (i), t2(—2)=B(-2+1)=B=4 ' 5———=
x in (i), we get 2(—1) (—1+2) utting x in (i), we get 2(—2) (—2+1) "
2, 1/ =, 2/ 2log x + 1] + 4log [x+2| +C
= [ = —_— = — = —
xrl xr2 22 P +2 gk g
1—x2
x(1—2x)
SOLUTION
. 1—x? 1—x* . . - .
: Since (=2 = o2 is an improper fraction, therefore, we convert it into a proper fraction by long division method .
x(1— _
tx2—1 1+ / 1+xd 1/d+1+/x—2dN =2 x—2 A+ B
—_— = = = — —_ —_— A = = — _—
A P —x+2x2 2) T2 22 M Ay x(2x—1) x 2x—1
1 1 1
x—2=A(2x—1)+Bx ...(i) Putting x = 0 in (i), we get 2:A(—1):>A_2Putt1ngx—5m()wegetE—Z B<2>
14333x72232+31/1*x /d+/ d
= — 4 = p= = =3 .. = — — = — _— = * =
22—x x 2x—1 x 1—-2x 1—2x) T2 ) T—2x) 7
! 1 31 1-2x|+C
7+ +loglx| = Zlog|1 —2x| +
x
S+ (x—1)
SOLUTION
xdx X A Bx+C
Let/= [ —————— We write, . =x=AP+1)+Bx+C)(x—1)....q
¢ /(x2+1)(x—1) e wite (x2+1)(x=1) x—1+x2—|—1 * (C+ 1)+ Bt 1) D)

1 1
Putting x =1 in (i) ,we get | =A(1+1) = A= 3 Comparing coefficients of x* in (i), we get 0 =A+B = B = —3 Com-
1

. 1 X 1/2 x
paring the constant terms, we get 0 =A—-C = C= - . I = /7dx = / +
2 (x2+1

Y(x—=1) x—1 x2—|—1 “ 2/ x—1
2/ 2+1 /x2+1

1 1 1
:EIOg (x—=1) 4/ 2+1 tan x+Cf§10g(xfl)leog(x +1)+ 2tan_lirC
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10.

11.

(x— 1 (r+2)

X A B C 2 .
: Let C1P0r2) = [t (xi1)2+x+2:>x:A(x—1)(x+2)+B(x+2)+C(x—l) ()

—2
Comparing coefficients of x* on both sides of (i), we get 0 = A + C Putting x = —2 in (i) ,we get —2=C(-2- 1)2 =C= N =

2 2
A=—-C= —Puttingx=11in (i) ,weget | =B(1+2 :>B—f / dx+/ —/7(1)6
g g (i) weget 1 =B(1+2) 37 o1 (xr2) x+2 9(x—1 3x—1)? 9(x+2)
~ Zloglv—1 =72, 2 +C = 2log|— I ¢
= Jlogl— 11+ xS~ Jiogla+2]-+C = Jlog T EEICE
3x+5
B—x2—x+1
SOLUTION
3x+5 3x+5 3x+5 3x+5 3x+5 A
cLetl= / x+ dxAlso Al == s = ARl 2Wewrite, x2—|— = +
a1 —1x-1) @-1)@x-1) (x+1)(x=1) (x—1)*@x+1) x—1
—st— =3x+5=A(x—1)(x+1)+B(x+1)+C(x—1)>....(i) Putting x = 0 in (i) ,we get 5= —A+B+C ... (i)
(x—l) +l
8 2
Puttingx:lin(i),weget3+5:B><2:>B:5:4Puttingx:—1in(i),weget—3+5:C(—1—1) :>C—f 5
. o 1 9 1 3x+5 dx
PuttmgvaluesofBande(u),wegetS:—A—|—4+f:>A:7—5:—-.',12/7 = /
2 2 2 (x—1D*(x+1) 2
~ Loglv—t1j+a (- 11 b 1]+ = s1og| L 4 Lo
T e Tx—l ek 208X a1
sk sk st st skeoste sk skeosteo sk sfeoske ke sk skeoste st steske sk skestoske sfeskeoske skeoskeoste steosteoste sk skeosteoske skt skoskoskok
2x—-3
(x2—1)(2x+3)
SOLUTION
Let] / 2x—3 T W " 2x—3 B 2x—3 N 2x—3 _ A n B n
¢ )t S R T ) 21 3) . - D+ D) (2x13) G- D (1) (2x+3) x—1 x+l

L:>2)c—3:A(x—|—1)(2)c—ﬁ—?>)—|—B(x— 1)(2x+3)+C(x—1)(x+1)....()) Puttingx=1in (i) ,we get2 (1) =3 =A(14+1) (2+3)=-

2x+3
1 5 3
AR)(5)=A= —TOPuttingx: —lin (i) ,weget —2—3=B(—1—-1)(-2+3)=-5=B(-2)(1)=B= EPuttingx: —Ein (i)

tsa=c( o) (D) s o= D) (L) semenia 2 28 ]
,we get —3—-3= 5 3 = —0= _2 _2 - X5_ 5 "(x2—1)(2x+3)__10(x—1)+

5 24 1—/ 23 - / U A S oelet
264D a3 T ey T 10 1 2) xr1 5 s Tqooe T it glee S
24 5 1

log |2 =21 P — —1—71 2
5X20g| x+3|+C 2og|x—i—| 100g|x | og|2x+3|+C

S5x
(x+1)(x2—4)
SOLUTION
Ltl—/ Sxdx I Wi it S5x _ 5x 5x _ A n B n C
¢ GrD@— & Y W= G D012 (-2 G D +2)(x—2) x4l xt2 x-2
=5x=Ax+2)(x—2)+Bx+1)(x—=2)+C(x+1) (x+2) ..(i) Putting x = —1 in (i), we get -5 =A(—-1+2)(-1-2) =

5 5 5x 5 5 5
A =  Putting x = 2 in (i), t10=C2+1)2+2) = C="> . = - i I=

3 Putting x = 2 in (i), we ge 2+1)(2+2) 6 GrD(2—4) 30+ 2(6+2)  6(x—2)

/ e / DB gl 1]~ Jloghet2] + Joglr—2[ +€

GrD a7 T3] v x+2 6) x—2 38" 2 8P 6 e
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12.

13.

14.

15.

16.

B x+1
x2—1
SOLUTION
. Cx+l o XO4x+l . . .
: Letl = / xzi—ldx Since )627_115 an improper fraction, therefore, we convert it into proper fraction by long division
hod X +x+1 +R X+x+1 +2x—|—1 @ N o 2t 2x+1 A N B
LS = = S = —_ ... , = = =
meto xr—1 D xr—1 TR b oW, we witte x+DxE-1) x+1 x=1
— 1
2)c-i-l:A(x—l)—&—B(x-l—l).....(ii)Puttingx:—lin(ii),weget—Z—&-l:A(—l—l):>A——2 EPuttmgx——lm(n)
t2+1=B(1+1)=B > 2x+1 : + > (iii) From (i) d("')x3+x+1 + : + )
= =B=_ ....(i11) From (i) and (iii), =
weee 221 2(+1) 2(x—1) o A e T T Gy T2 1)
1 /X3+x+1d /d+/ 3/ B g1+ Stogh— 1]+
SRR B mee i R S Y R ) A 2 8l
2
(1—x)(1+x2)
SOLUTION

Let I 2 dx We writ 2 A BC s A(L2) s (BrrO)(1 ) Putti
: = 71T N/1 1 0N s = = = _ .
© /(1—x)(1—|—x2) e W, U ) T—x 142 (L42%) + (Bx+C) (1 —x) ... (i) Putting

x=11in (i), we get 2=A(14+1) = A = 1 Comparing coefficients of x> on both sides of (i), we get 0 =A—B = A =B
= B =1 ...(i1)) Comparing coefficients of constant terms on both sides of (i), we get 2=A+C = C=2—-1=1 ...(iii)

) 2 71+x+1.17/ 2 d—/ 1 x+ld7/ d+/de/ld
T(1=x)(14+x2)  1—x 142277 (l—x)(l—&—xz)x* l—x 2] " 1 12

1
= —log|l —x] +§log’1+x2| +tan"'x+C

3x—1
(x+2)°
SOLUTION
3x—1 . 3x—1 A B . . . .
: Let] = /ﬁdx We write, B + 5 = 3x—1=A(x+2)+B ...(i) Comparing coefficients of x in
(x+2) (x+2)" x+2 (x+2)
3x—1 3 -7
(i), we get A = 3 Comparing the constant terms in (i), we get 2A+B = —1 = B= -7 . = + = 1=
g p: g g (X+2)2 X+2 (X+2)2
3x—1 dx (x+2)7" 7
/ 3/ / 5 =3log|x+2|-7T——-F—+C=3log|x+2[+ ——=+C
(x+2)* (x+2) -1 x+2
1
x*—1
SOLUTION
1 1 1 A B Cx+D 5 5
s Letl= dx Let = = =1=A(x—1 1)+B 1 1
© /AA—I A (x+1)(x=1)(x2+1) POy (=D + 1) +B O+ 1) (1) +

1
(Cx+D)(x+1)(x—1) ...(i) Putting x = —1 in (i), we get 1 =A(—1-1)(1+1) = 1 =A(—4) = A= ~2 Putting x = 1

1
in (@), we get | =B(1+1)(1+1) = 1=B(2)2) = B= 7 Comparing coefficients of x> and constant in (i) on both sides ,

weget0=A+B+Cand —A+B— D—l:>0—71+1+C:>C Oandl—i+i—D:>D——;'.x41_1:4(xl_|_l)+
1 -1 1 1 1 |
4(x—1)+2(x2+1):>12/xf1dx: /x+1 4/x—1 2/ = mgloshe Il gloghm i gan ke
1 x=1) 1
zzlog o —Etan x+C
1
x(@ 1)
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17.

18.

19.

20.

[Hint : multiply numerator and denominator by x"~! and Put x" =1t |

:LetI:/ Now : = S = L Puty' =1 = nx"'dx=dr /dx:l-/nxnldx—i-
x(x"+1) x(x+1) x-xm T +1) (1) CSox(xr4+1) nJ (1)
I/t(td-gt-l)""(i)wewrite’t(t:-l):?+tf1 = 1=A(t+1)+Bt...(ii) Puttingt =0 in (i), we get | =A(0+ 1) = A =1
Putting t = —1 in (ii), we get | =B(—1) = B=—1 1= /L: l/ <1—1> dt = l[log|t|—log|t+1|]—I—C:
x(x*+1) n tor+1 n
llog L +C:£10g - +C
n t+1 n xt+1
cosx . )
(1 —sinx) (2 —sin®) [Hint : Put sinx = ¢]
: Let I = / ,COSde - Put sinx =t = cosxdx = dt .. / - halel —dx = /;dt We write
(1 —sinx) (2 —sinx) (1 —sinx) (2 — sinx) (1-1)(2—1)
(1_t)1(2_t) _ l‘jﬁ_zft =1=A2-1t)+B(1—1¢)...() Puttingr = 11in (i), we get | =A(2—1) = A =1 Puttingr =2
o cosxdx dt 2—t
in (i), we get B = —1 "'I:/(l—smx > sin) /l—t —/z_t:—10g]17t|+10g\27t|+C:10g 1 +C =
log 2—si.nx
1 —sinx
(x2+ 1) (x2—|—2)
(x> +3) (x*+4)
(¥ +1) x—|—2 t+1)(t+2)  2+3t+2 —4t—10 4t +10
Let I = / x2 ))deutx =t = Et1325t14;:t2j7tj12: +m= M We write ,
4t +10 A

B
= 4t + 10 = 4)+B ....(1) Putt =-3in (i 4(— 10=A(-3+4
(301D 3T Mt 0=A(t+4)+B(t+3) ....(1) Putting ¢ 3in (i) , we get 4(—3)+10=A(-3+4)

éA——ZPuttingt——4in(i),Weget4(—4)+10_B(—4+3):$B—6.'.m—l— %—Fm =1+
L—L .'.I:/ l—i—i—i dx:)c—i—itam_1 <x>—6tan_1 (x) —&—C:x—i—itan_li—Stan_lf—FC
X243 x24+4 X243 x24+4 V3 V3] 2 2 V3 V3 2
2x
(2+1)(2+3)
Let[:/zixdeutxzzyﬁZxdxzdy.'.lz/LWewrite, ! = A + 5 1=
(2 +1) (¥ +3) o+ »+3) O+DG+3) y+1 y+3

1 1
Aly+3)+By+1)...0) Puttingy:—l in (i) wegetl—ZA :>A—7Putt1ngy——3 in (i), Wegetlz—ZB:>B:—§:>

1 1 1/ dy 1
— — [ = fo +1——lo +3|4+C

+1D(y+3) 2(+1) y+3 /2y+1 y+3 2/y+1 y+3 gly+1] gly+3|
1 |y+1 1|22 +1
= —log|—— =1

2og 3 +C 2og +3 +C

1
x(x*—1)
SOLUTION
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Let 1 / / de PULE =1 o 40dr = di T / We write, =44 7
: = ——+d =t = = = , ——=—F—
© Ao a) AR ut ! = 4) t(t—1) e wie tit=1) ¢t -1
1:A(t71)+Bt (1)Putt1ngtf01n() wegetl=A(—1)=A=-1 Puttmgtflln (i) weget |l =B(1) = B=1
L 1, / —+—d L togli] +1oglt— 1[]4+€ = 10g| 1= Ly Ll S
— —:> —— |dt = —[—loglt t— = —log|— =-
tk—1) t -1 T4 478 °8 408 408
st sfe sfe sfe sfe sfe s she sfe sfe she she sk sk sk sk sk sk sk sk skt skesiesieosteste st stestesfe s sfeosfe sk sfe s s sfe sk sk sk sk sk sk sk skokoskokokoroskokokor ok
21 ! [Hint : Put e’ =1 ]
. : =1
-1 int: Pute
SOLUTION
S| dt 1 A B
. LetI:/ deute =t=édx=dt=dx=—_ 1= We write, =—+ =1=A(r—1)+Bt
e — t t(t—1) tt—1) t -1
1 —1 1
..(i)Puttingtzlin(i),wegethlPuttingtinn(i),wegetl:A(O—l):A:—l,'.t(t 1)_7+ﬁ:>1_
1 1 —
/<t+>dt —log|t|+1log|t — 1| +C = —log|e*| +1log|e* — 1|+ C =log | ——| +C
Choose the correct answer in each of the Exercises 22 and 23.:
22/ xdx i
. (x_l)(x_z)equas
(x—1)°
(a) log +C
-2
(x—2)°
(b) log +C
x—1
2
x—1
(c) log ( ) +C
x—2

(d) log|(x—1) (x—

2)|+C

X A

x
= | —————dx Wi it = =>x=Ax—-2)+B(x—1)C i
/(x—l)(x—Z) * e witte (x—1)(x—2) X—l+x—2 X (x—2)+ B(x—1) Comparing
-1 2
A+B =1 and —2A — B =0 Solving, we getAl,BZ,’,I/( 1+ 2)d)clog|xl|+
x—1 x-—
0| =2
D

23 dx 1
. /mequa S

! 2
(a) log |x| — Elog (*+1)+C
! 2
(b) log\x\-i-ilog (*+1)+C
! 2
(c) —log\x\—kilog (¥*+1)+C

1 2
(d) Elog|x|+log (*+1)+C
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: (A) Let Lz é%—w = 1=A(x*+1)+ (Bx+C)(x) ....()) Putting x =0 in (i), we get 1 =A(0+1) = A= 1
x(x2+1) x  x2+1 ’
Comparing coefficients of x* in (i) on both sides , we get 0 = A + B = B = —1 Comparing coefficients of x in (i) on both sides ,
1 1 —x 1 )
we getC =0 .. /mdx: / ;—&-m dx =logx— Elog (x + l) +C
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