Differentiability & Continuity

[ NCERT - Miscellaneous Exercise

Differentiate w.r.tx the function in exercises 1 to 11.

1. (3x* —9x+5)°
SOLUTION

d
Lety = (3x> —9x+5)° ...(i) Differentiating (i) w.r.t. x, we get d—)yc =9(3x% —9x+5)%- (6x—9) =27(3x*> —9x +5)% "

2. sin’x+ coslx

d
Lety = sin’x +cos®x ... (i) Differentiating (i) w.r.t. x, we get d—y = 3sin®xcosx + 6cos x(— sinx) = 3sinxcosx(sinx — 2cos*x)
X

3. (5x>30052x

SOLUTION

Let y =(5x)3°** Taking log on both sides, we get
logy =3 cos2xlog(5x) = 3cos2x[log5 +logx] logy = 3cos2xlog5 + 3cos2xlogx ... (i)

Differentiating (i) w.r.t. X, we get

3cos2x

1d
;d%)c = 3log5(—sin2x) -2+

—3logx-(2-sin2x)

. 3cos2x
= —6log5sin2x+

— 6logxsin2x

dy

) 3cos2x
“dx

_ (Sx)3cos2x

—6[log5 +logx]sin le

3cos2
— (5x)3cos2 [x— 610g5xsin2x}
X

4. sin"(xy/x),0 <x < 1.

SOLUTION

Let y=sin~! (xv/x) ... (i) Differentiating (i) w.r.t. X, we get

dy 1 b N
- ﬁdx*f \/Tcz[ f“[
N 1 [Va+2yx| 3
ml7+ﬁ]m > *E\/l—x*
cos_1<x>
2
5. W,—2<x<2.

x
Lety=cos ! §(2x+7)71/2 (D)

Differentiating (i) w.r.t. X, we get

d d d
Y —cos12 l(Z)c—|—7)l/2 +(2x47)712 (Ll]cosl ;)
X

dx 2 | dx
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—1
- cos_lg [2(2x+7)3/2(2) +(2x47)71/2

d
= d—z: —cos_lg(Z)c—i-7)_3/2 +(2x47)71/2

1 COos

+
VA—2V2+T  (2x+7)?

V1 +sinx++/1 —sinx
V1 +sinx —+/1 —sinx

SOLUTION

Lety = cot™!

6. cot™!

0< <7'L'
, X<

V1+sinx++/1 —sinx]

<7
V1 +sinx —+/1 —sinx 2

\/coszx+ sin25+2sin Ecosf—i— \/cos2x+sm ——2/sin fcosf
2 2 2 2 2

=y=cos ! 2 2
\/coszx+sin2x+2sinxcosx—\/coszx—|—51n —+Zsmxcos{
2 2 2 2 2 2 2
r 2
X . x X X
<cosz+s1n2> + (coszsln2>
~1
=y = cot
y=co = =
x . x X o x
<cosz—sm2) — <cos§—sm2>
[ x+ ) x+ x ox
€0S =+ sin — -+ cos — = sin—
oymcor! | 2T T

X X X X
cosi—i—smi—cosi—i—smi

> X
COS 3

= y=cot

2sins
_Sln2

=>y:cot_1 cot{ y:féﬂzl
2 2 dx 2

7. (logx)'°e* x> 1
SOLUTION
Let y = (logx)'°8* Taking log on both sides, we get log y = log x log (log x) ...(i) Differentiating (i) on both sides w.r.t. x, we get
1dy 1

1 11
A . 4 log(l —=—-[14+1og(l
var % fogx P og( ogX)x . [1+1log(logx)]

1
R (logx)1o8* . o [1+log(logx)].
8. cos(a cos X + b sin x), for some constant a and b.

Download Mathematics E-Books for C.B.S.E / I.C.S.E. / L.S.C. / JEE from www.mathstudy.in



Differentiability & Continuity

Lety = cos (a cos x + b sin x) ...(i0)

d
Differentiating (i) on both sides w.r.t. x, we get d—y = —sin (a cos X + b sin x) [a (—sin X) + b cos X]
X

= —sin(acos X + b sin X) [—a sin X + b cos X] = (a sin X— b cos X) sin (a cos X + b sin x)

G ) 3n
9. (sinx — cosx) o) = oy o T0

4 4
SOLUTION

Let y = (sinx — cos.x) ($n¥—c0s¥)

Taking log on both sides, we get log y = (sin X — cos x) log (sin X — cos X) ...(1)
Differentiating (i) on both sides w.r.t. x, we get

ldy (cosx+ sinx)

= (sinx — cosx) +log(sinx — cosx) - (cosx + sinx)

:> —_—
ydx (sinx — cosx)

= fd—y = (cosx+sinx) +log(sinx —cosx) - (cosx + sinx)
ydx

d
= d—y = y(cosx + sinx)[1 +log(sinx — cosx)]
X
dy . (sinx—cosx) . . .
LT (sinx — cosx) MY [(cosx + sinx) (1 4 log(sinx — cosx))],sinx > cosx
X
10. X 4+x*+a" +a“, for some fixed a > 0 and x > 0.

Lety =x"(I) +x“(II) + a"(III) + a® (IIT)

I Lety =x" = logy =logx*

= logy = xlogx ..(i) Differentiating (i) on both sides w.r.t. x, we get
1dy
ydx \x

1 d
x <> +logx(i) = d—y =y[l +logx]
X

dy ..
= a_x"(l +logx) ....(i0)

II. Let y = x* = logy = logx? = logy =alogx. .. (iii) Differentiating (iii) on both sides w.r.t. x, we get

ldy lédy_ a

Tyax T M\
d a

= —y:x” <> =x%a-x ! =ax® . (v)
dx by

II. Let y = a* = logy = loga”

= logy =xloga ...(v)

Differentiating (v) on both sides w.r.t. X, we get
1d d

AR loga(1) = 2 yloga=a*loga ...(vi) IV.Let y = a” = logy = loga“
ydx dx

= logy =aloga

Differentiating (vii) on both sides w.r.t. x, we get

1d d
i;diz:a(O)édfzio...(Viii)
dy

LT x*(1+1logx) +ax“~' +a“loga [from (ii), (iv), (vi) and (viii)]
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1. 23+ (x—3), forx > 3.

Lety=x" 3+ (x— 3))‘2 = u+v, where u = x* 3, and v = (v=3)*

2

Letu=x""3
Taking log on both sides, we get logu = (x*> —3)logx ...(1)
ldu (x> —3)
Differentiating (i) w.r.t. X on both sides, we get Py +logx(2x)
udx

d 23
L s lx +2xlogx] )
dx

and v = (x— 3)"2
Taking log on both sides, we get logv = x> log(x —3) ... .(iii)

Differentiating (iii) w.r.t.x, we get

ldv x?
1 —-3)-(2
Sy Hloglx=3)-(20)
dv x? .
L =(x-3)" L3+2xlog(x—3)]....(1v)
S dy du dv
o, a—a—F%

2 5 ¥ -3 2
=x" 77| ——+2xlogx| + (x—3)*
X

2
—3+2x10g(x 3)]
[from (i1) & (iv)]

dy n
12. Fmd zfy— 12(1 —cost),x 10(t—sint),—§<t<

Here, y = 12(1 —cost) ....(J) x = 10(z — sint) . .= (ii)

d
Differentiating (1) (2) w.r.t. t, we get a% =12[—=(—sin?)] = 12sint

dx
and — = 10(1 — cost?)

dt
N dy dy/dt  12sint 6sint
dx dx/dt  10(1 —cost) 5(1 —cost)
6| 2sin(t/2) cos(t/2) 6
ot(1/2)
~5 2sin’(/2) —5°

dy
13. Fmdd Jify=sin 'x+sin '/l —x2, -1 <x<1.

Here,y = sin 'x+sin "'/ 1 —x> =u+vLetu=sin"'xand v =sin"'v/1—x2

= %: ﬁand for v =sin~ /1 — x2 Putting x = cos 0, we get
v=sin"1\/1—cos20 = sin"'V/sin?@ = sin"!(sin@) = @ = cos " 'x
dv -1
A VT2

dy du dv 1 —1
So, —=—+—= + =0

dx dx dx V1—-x2 J1-x2
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d
14, If x\/14+y+yV/14+x=0, for —1 <x <1, prove that d—y: -
x

SOLUTION
we have, xo/T+y+yV1+x=0=x/1+y=—y/1+x=x>(1+y) =y*(1 +x)

(1+x)°

:>(xz—y2)+xy(x—y)=0:>y:x:_xl
. ﬂ: (x+1)(=1) = (=x)(1) _ —x—l—l-x: -1
“dx (x+])2 (x+1)2 (x+1)2

15. If (x —a)? + (y — b)* = ¢, for some ¢ > 0, prove that

is a constant independent of a and b.
SOLUTION

d
We have, (x —a)? 4 (y —b)? = ¢* ... (i) Differentiating (i) with respect to x, we get 2(x —a) +2(y — b) &

0
dx

= (x—a)—I—(y—b)%:O

) 2
. o dvy [dy
Differentiating (ii) with respect to x, we get 1 + (y—b)——+ [ —=] =0

dx?
2
d2y dy
AN it
=0 )dxz + <dx>

d 2
. (dy)
X
dzy

:’E:_W"'(m)

.. dy xX—a
From (ii), we have — = — =
dx y—b

dy ? x—a : . .
= == Adding 1 on both sides, we get
dx y—>b
2 2 2 2
TR () IR D .t I BT ) B
dx v—b y=b) ~ (y-b? "

s <
S0, prhe (y—b)3 (v
[From (iii) & (iv)] From (iv) and (v), we have
27 3/2
d
1+ <dy> ¢’
X
_o-b)
= =—c
d*y —c?
dx? (y—b)*

which is independent of a and b.
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. dy cos*(a+y)
16. If cos y=x cos(a + y), with cos a# + 1, prove that o sina
X

sina

cosy
We have,cosy =xcos(a+y)=>x=——
cos(a+y)
_ dx  cos(a+y)(—siny) —cosy(—sin(a+y))
dy cos?(a+y)
cosysin(a+y) —sinycos(a+y)
N cos(a+y)
_sin(fa+y—y)  sina  dy cos*(a+y)
~ cos’(a+y) cos?(a+y) dx  sina
: : d’y
17. If x = a(cost +tsint) and y = a(sint — tcost), find 2
X
SOLUTION
H dx (—sinz +tcost +sint) ¥ _ atcost
ere, — = a(—sint +zcost +sint) -, — = arcos
dt dt
dy .
= = alcost — {t(—sint) +cost(1)}]
dy : ,
= = a(cost +1sint —cost) = at sint
dy dy dt .
S =—X—-—=at X = tant
dx dt dx arsi at cost an
N d’y 2, dt
a2 N
d’y 5 1 sec’t  sec’t T
= ——5 =sect- = = 0<t< —
dx atcost  atcost at 2

18. If £(x) = |x|>, show that fix)existsfor all real x and find it

.

Case I. When x > 0. Here, f(x) = |x|* = x*
. f'(x) = 3x* and Case II. When x < 0. Here f(x) = (—x)’ = —x°
. f'(x) = —3x? and Thus, Hence, .

d
19. Using mathematical induction prove that d—(x") = nx"~! for all positive integers it.
X

Let P(n) be the given statement in the problem

P(n): %(x") =nx""! ... (i) For n = 1, Putting n = 1 in (i), we get

P(1): %(x]) = (1)x'~! = (1)x" = (1)(1) = 1 which is true as (x) = 1

We suppose P(n) is true for n = m, P(m) : %(x’") = mx™"! .. .(ii) To establish the truth of P(m + 1), we prove
P(m+1): %(x’"“) = (m+1)xX" ... (i)

Now, ¥t = x!. "

= %(x’”“) = %(x-x’”) =x- %(x’”) —I—x’"%(x)

=xmx" X" = X" =X (A4 1) = (m+ 1>x(m+l)—l

.. P(n) is true for n.= m+ 1. By principle of induction, P(n) is true for all n € N.
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20. Using the fact that sin(A + B) = sinA cos B+ cosAsin B and the differentiation, obtain the sum formula for cosines.

21.

s sin(A + B) = sinAcos B+ cosAsinB ....(1)

dA dB
Consider A and B as function of t and differentiating both sides of (i) w.r.t. t, we get cos(A + B) < T + dt)

dA

dB
~+cosAcosB— 7 +sinB(—sinA) — o

. . .dB dA
:smA(—smB)d +cosB cosAd

dA dB
:>COS(A+B)( +>

dt dt

dB

dA
= (cosAcosB —sinAsinB) [ — + —
(cosAcos B —sinAsin )<dt+ dt)

=-cos(A+ B) = cosAcos B —sinAsinB.

Does there exist a function which is continuous everywhere but not differentiable at exactly two points? Justify your answer.

SOLUTION
—(x=1)=(x—2); if x<l1

Let the function be f(x) = |x— 1|+ |x—2|. Weredefine f(x) as: f(x)=¢ ((x—1)—=(x—2); if 1<x<2
=D+ x—-2); if x>2

—2x+3; if x<l1
= f(x)= 1; if 1<x<2
(2x=3); if x>2
f(x) is clearly continuous at all x except at x=1, 2. At x= I:
lim f(x)= lim (=2(1-h)+3)=-243=1 lim f(x)= lim (1) =1.
x—=1- x—=1=h x—=1+ x—=1T
h—0
Also, f(1) =
Thus, lim f(x) = lim f(x) = f(1)
x—1- x—1t
Hence, f(x) is continuous at x= 1.
Atx=2: limif(x) = lirélilzl
lim f(x) = 11rn (2x 3)= lim (2(24+h)—-3)=2(2)-3=1
x—2+ x— x2th

Also, f(2) =
Thus, lim f(x) = lim f(x)= f(2)
x—2~ x—2+F
Hence, f(x) is continuous at x = 2. Hence, f(x) is continuous at all x € R .

Derivability at x=1: Lf'(1) = lim w

h—0 —h
—2(1=h)4+3-1 2h
T Gl = lim — = lim(~2) = -2
h—0 —h =0 —h  h—0
J(+h)—f(1) . 1-1
11— _ _
RFQ)=lim h = =0
Thus, Lf'(1) # Rf'(1) = f is not derivable at x=1 Derivability at x=2 :
J2- ) f@2) ()=
L 1 =0
f() h—>0 h]—l;% —h
2+h)—
R (2) — tim O e
h—0 h
224+h)—3-1
i 22N 3 oo
h—0 h =0 b h—=0

Thus, Lf'(2) # Rf'(2) = f is not derivable at x= 2

Hence f(x) = |x — 1| + |x — 2| is continuous everywhere and differentiable at all x e except at 1 and 2.
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() glx) hx)
22. Ify=|1 m n , prove that
a b c
TR CEC
dx a b c
f(x) glx) hlx)
We have,,y=| [ m n
a b c
o %mx)) %g(x)) %m(x)) RECESRCANFCRE L
e ]! v " a b c 0 0 0

{’(X) g'(x) H(x)
- a b c

Hence proved.

_ d*>y d
23. Ify = &% ¥ 1 < x < 1, show that (1 —2) 2 — x> — 2y =o.
X X

We have, y =¢

acos™x . (1)

. L . —i . d _
Differentiating (i) on both sides w.r.t. x, we get £ _ gacos * —(acos™'x)

dx dx

S P I AT
V1—x2 V1—2x2
Differentiating (ii) on both sides w.r.t. x, we get
dy d

2 Vi—eZ o e
Q——a Y ax dx .
dx? (1—x2)
1/71_x2@__yk.(_ %)
dy_ dx _2/1-22
dx? (1=x)*
d> Xy
= (1-x)=5=—a|— F i
( X )dx2 a ay+ m] [ rom (11)]
d’y —1 dy
— 2 _ = — . -
= (1—-x )dx2 al|l—ay+x ( —
d?y dy
= (1 x>dx2 ay+xdx
d*y dy
= (1 z)ﬁfxdffazyzo
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