Continuity & Differentiability

[ NCERT - Exercise 5.7

Find the second order derivatives of the functions given in questions 1 to 10.

1. x> 4+3x+2
Lety=x2+3x+2= ﬂ:2x+3.'. diy:Z
dx dx?
2. %0

d
Lety = 0= 2 20x! -,
dx

d’y 18 18
3. x-cosx

d
Lety = xcos x = d—y =x- (—sinx) +cosx = —xsinx+ cosx
X
d’y , : .
= = —[xcosx + sinx] — sinx = —(xcosx + 2sinx)
4. log x

dy
Lety =logx = —=—
dx

d?y 1
dx> 2
5. % logx

Lety=x’ logx

1
= —y:x3 - —+logx:3x° :x2+3x210gx
dx X

d2

y

o 1
x=. —+logx-2x
X

= 2x+ 3[x+4 2xlogx] = 2x+ 3x + 6xlogx = 5x+ 6xlogx = x(5 + 6logx)

6. e*sin5x

d
Lety =¢'sin5x = d—y:e"-cos5x-5+sin5x-ex
X

d?y B
Tdxr
= ¢*[—25sin5x + 5cos 5x + 5co0s 5x + sin5x] = ¢*[10cos 5x — 24 sin5x] = 2¢[5 cos 5x — 12 sin 5x]

= e"[5cos5x+sin5x] - e*[5(—sin5x) -5+ cos5x- 5]+ [5cos5x + sin5x|e”
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. ™ cos3x

d
Lety = ¢ cos3x = d—i = ¢%(—sin3x) -3+ cos3x- - 6 = 6% cos3x — 3¢ sin 3x
d’y 6 . 6 6 - 6
= = 6[e™ (—sin3x) -3+ cos3x- €™ .6]—3[e™ cos3x- 3 + sin3xe™ - 6
x
= —18¢% sin3x + 36¢% cos 3x — 9¢% cos 3x — 18¢% sin3x = 275 cos 3x — 36¢% sin3x = 9¢5* (3 cos 3x — 4sin 3x)

. tan"'x

dy 1

Lety=tan 'x=> —= ——
ety=tan”x = - 1+

d’>y  (1+x%)-0—1-(2x) —2x

. log(logx)

SOLUTION
dy 11

Lety = log(l = ——=—"
ety = log(log) dx logxx

d?y 1 1 +1d 1
dx?2 logx\ x2 xdx \ logx

logx-0—1- :
~1 1 |logx T -1

1
_ _ ! x
T2 10gx+ X (logx)* x2 10gx+ x | (logx)?

—1 1 ~1 [ 1 1 —(14logx)

— - = +
x*logx  x2(logx)® x?logx logx (xlogx)?

. sin(logx)
SOLUTION

. dy 1
Let y = sin (log x) = — = cos(logx)—
dx X

d’y 1 1 , 1
a2 cos(logx) - <_x2> + N {—sin(logx)} - p

—cos(logx) sin(logx)
2 A 2

X X

1
= ——[cos(logx) + sin(logx)]
x

d2
. If y ="5cosx — 3sinx, then prove that d—)zj—i—y =0.
X

We have, y = 5cosx — 3sinx

d

= d—i = 5(—sinx) —3(cosx) = —5sinx —3cosx

= @y
dx?
d?y . .

= Eﬁ—y = —5cosx+ 3sinx+ 5cosx — 3sinx = 0 Hence proved.

= —5cosx —3(—sinx) = —5cosx+ 3sinx
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2
12. If y =cos 'x, find —)Z)in terms ofy alone.
dx

SOLUTION

y= cos lx=x= cosy ... (i) Differentiating (i) w.r.t. X, we get | = — sinyd—y
X

dy ..
= —= —cosecy ...(ii)

dx

. L. .. dzy dy 2
Differentiating (ii) w.r.t. X, we get Fr cos ecycotyd— = —cosec“ycoty
x X

13. If y = 3cos(logx) +4sin(logx), then show that x*y; +xy; +y =0

We have, y = 3cos(logx) +4sin(logx), ....(1) Differentiating (i) w.r.t. x, we get

il = 3[—sin(logx)] %+4[cos(logx)] :

dx x
Differentiating (ii) w.r.t. X, we get

2
% =3 [(— sin(logx) (—;)) + é(—cos(logx))%

1
= —[3sin(logx) — 3 cos(logx) — 4 cos(logx) — 4sin(logx)]

(i)

+4 | cos(logx) - <x2> + i{—sin(logx)}i]

x
d*y
= xzﬁ = [3sin(logx) — 4cos(logx) — {3 cos(logx) + 4sin(logx) }
Ly Ay
dx dx Y
2d2y dy 2
= x"—5+x—+y=0= x"y2+xy; +y = 0 Hence proved.
dx?  dx

d? d
14. Ify = Ae"™ + Be'™ then show that £y (m+ n)—y+ mny =0.

dx? dx
SOLUTION

Lety = Ae"™ + Be™ ... (i) Differentiating (i) w.r.t. X,we get

d
d—y =A™ -m+Be™ -n=Ame™ +Bne™ ... (ii)
x
Differentiating (ii) w.r.t.x, we get
dzy mx nx 2 _mx 2 nx
E:Ame -m+Bne™ -n=Am"e"™ 4+ Bn~e"" ... (iii)
d? d
Now, chz —(m+n) d—i +mny = Am*e™ + Bn?e™

—[(m+n)(Ame™ + Bne™)] + mn(Ae™ + Be™) [from (i),(ii) and (iii)]
= Am*e™ + Bne™ — Am*¢"™ — Bmne"™ — Amne™ — Bne™ + Amne™ + Bmne™ = 0 Hence proved.

d2
15. If y = 500e’™ + 600e~"*, then show that d—f = 49y.
X

Let y = 500e’™ +600e~ " ....(i) Differentiating (i) w.r.t. x, we get

d
d—)yc —500-¢™-74600-¢ 7 (—7)
=3500e™ — 4200e~ 7" ... . (ii)

Differentiating (ii) w.r.t. X, we get
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d
-5 =3500-7- e™ —4200- (=7)e” ™ = 24500e™ 4-29400e "
X

<

d2
— 49(500¢7 + 600 %) = 49y -, =2 = 49y
dx?

2
d? d
16. If & (x+ 1) = 1, then show that £y ( y) :

dx? dx
SOLUTION

xe¥ + ¢’ =1 ...(i) Differentiating (i) w.r.t. X, we get

dy dy
Yl L — ()
xe dere +e I =
dy  — .
dx  x+1 -(i1)
2 2
From (i), 2 ! : (iii)
1 2 5 - = .o
rom e P (x+1)2
Differentiating (ii) w.r.t t—d2 ! @iv)
ifferentiating (ii) w.r.t. X, we ge = —7 .(iv
¢ e (x+1)?
2 2
From (iii) and (iv) td y [dy
rom (iii) and (iv), we ge 2\

Hence proved. .

17. If y = (tan~'x)?, show that (x* +1)%y; + 2x(x*> 4+ 1)y; = 2.

SOLUTION

Lety= (tan_l)c)2 ...(i) Differentiating (i) w.r.t. X, we get

dy*Zt —1 1 (ii)
gy = Ztanx (1+x2)""u
Differentiating (ii) w.r.t.x, we get
d*y o ({1+4%}-0-2x) 1 1
——> =2 |tan" x 5 s 5
dx (14x2) (14x)2 A1 +x%)
—2xtan~!x 1 ~2xtan~'x+1
= 7T 2| = 2
(14x2) (14x2) (1+x2)
d’y dy
N 2 1) S 2x( 1)
ow, (x“+1) dx2+ x(x7+ )dx
—2xtan'x+ 1 1
=(x*4+1)2-2 — |t 2x(F2+1)- 2tan*1x72 — —4xtan™ 'x 42 4 4xtan”'x = 2 Hence proved.
(I+x?) (I+x?)
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