Continuity & Differentiability

[ NCERT - Exercise 5.5

Differentiate the functions given in Exercises 1 to 11 w.r.t. x

1. cosx-cos2x-cos3x
'SOLUTION|
Lety = cosx - cos2x - cos3x
Taking log on both sides, we get
logy = log(cosx - cos2x - cos3x)

Then, logy log (cosx) +log (cos2x) + log (cos3x) ...(1)

1d
On differentiating (i) both sides w.r.t. x, we get f.d—y
y dx
=L i 71 in2x)(2 71 in3x)(3
N cosx(_ sinx) + cost(_ sin2x)(2) + cosSx(_sm %))
1dy
= ——— = —tanx —2tan2x — 3tan3x
ydx
dy
e T G0sx-cos 2x-cos3x(tanx + 2tan 2x + 3 tan 3x)
X

, \/ (x—1)(x—2)
) (x—3)(x—4)(x—5)

Lety:\/( (C=DE=2)

x—=3)(x—4)(x-5)
Taking log on both sides of (i), we get

1
logy = E[log(x —1)+log(x —2)—log(x —3) —log(x —4) —log(x —5)] ... (ii)
Now, differentiating (ii) on both sides w.r.t, x, we get
Ldy 1 [ 1 1 1 1 1 1

y dx 2

G- =2 &-3) -4 (-9

Cdy 1 (= 1)(x=2) Lo, 1 1 1
T 2V Ha=5) | -1 x=2) (x-3) (x—4) (x5
3. (logx)®®®*
SOLUTION | Let y = (logx)*** ...(i) Taking log on both sides of (i), we get logy = cosxlog(logx) ... .(ii)

On differentiating (ii) both sides w.r.t. x, we get

\ d 11
;2% = cosxalog(logx) + 10g(10gx)acosx = Ccosx- @;Jr log(log.x)(— sinx)

cosx
= ogx sinxlog(logx)

di )Fg); —sinxlog(logx)

Download Mathematics E-Books for C.B.S.E / I.C.S.E. / L.S.C. / JEE from www.mathstudy.in



Continuity & Differentiability

4. x©—2sinx

y=x"—250% = y — v, where u = x*
and v = 2°i0%
dy du dv
S.—=———...(1)) Now, u =x*
dx dx dx (i) Now, u
Taking log on both sides, we get log u = x log x Differentiating w.r.t. X, we get

= — = x"[1 +logx] ... (i) and v = 28" Taking log on both sides, we get = logv = sinxlog?2

Differentiating w.r.t.x, we get
1dv

d .
= = log2(cosx) = d—v =2%"(cosx-log2) ....(iii)
vax X

From (i), (ii) and (iii), we get

d y
& X*[1+1logx] —2%"*(cosx-log2)
dx

5. (x+3)%- (x+4)° - (x+5)*
SOLUTION

Lety= (x+3)% (x+4)*- (x4+5)*
Taking log on both sides, we get
logy = log[(x43)*(x+4) (x+5)*] = logy = 2log(x +3) + 3log(x+4) + 4log(x +5) ... (i)

Differentiating (i) on both sides w.r.t. x, we get

fy _, 1 5 b o, !
ydx = (x+3) (x+4) (x+5)
dy , X J2 3
- (xd4)3 (x4
:>dx (e3)7 (x4 4)7- (x +4) x+3+x+4+x+5

= (x+3)(x+4)*(x+5)*(9x* + 70x+ 133)

o (od) b

SOLUTION
1 1
* I+— x 14—
1 x 1 x
Lety=[x+—-] +x =u+vwhereu= |x+—-| andv=ux
X X
dy du dv

:>a_dx+%....(1)

X
1 1
Now, u = <x+ x) = logu = xlog <x+ x> ...(h)

Differentiating (ii) w.r.t. X, we get

ldu dl 1 i 1 |
= —-=alog [ ad — | +log {xt— (1)

x 1 1

= 1 1—; +log x—i—;
X+ —
x
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du N | x 1 1
= —=|x+- — | x——= ] +log|x+ - ... (i)
dx x 1 x2 x
X+ -
X
( 1)
x+—
Also, v=x *

Taking log on both the sides, we get

1
= logv= <x+> logx ... (1v)
X

Differentiating (iv) on both sides w.r.t. x, we get

! ldv N 1 d1 " d N 1
vdx * x| dx ogx ngdx * X
1\1 1
=(x+- ) -tlogx|——=
x| x X
1
dv 3 1\ 1 -1
= —=Xx x+—| —+logx - (V)
x/ x X

dx
Substituting the values of (iii) and (v) in (i), we get

1
dy N\ x 1 I (’“*x)
a: x+; 1 .x_xfz +10g x+; —+x

X+ -
X
. 1
B 1 x2—11 1 1
= x—}—; x2+1+ og x—i—; +x

. (logx)*™ + x'o8*
Let y = (logx)* +x'°8*

<x+;> L Moga (‘)]

x2

x+1-— logx]

= y=u+v, whereu = (logx)*, v = x%8*
dy du+ dv 0
d_x dx E RN g ¢

Now, u = (logx)*
Taking log on both sides, we get .. logu = xlog(logx)

Differentiating w.r.t. x, we get

1 du_ a'1 i log(1

- = T doa(logx) + log(log )

= ¢ log(1 : log(1

=x- @— =+1log(logx) = @—i— og(logx)
d 1

4 dAZ = (logx)* @—l—log(logx) .. (i)

Also, v = x'°¢*

Taking log on both sides, we get
logv = logxlogx = (logx)?

Differentiating w.r.t. x, we get
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d 21
SV og ng] (i)
dx X
From (i), (ii) & (iii), we get
dy 1 2logx
i 1 X 1 1 logx
T (logx) —logx-i— og(logx) | +x lx 1

= (logx)* '[1 4+logx-log(logx)] + 2x'°¢* 1 . Jogx
. (sinx)* +sin~'/x
Let y = (sinx)* +sin~'v/x = u+v, where
u = (sinx)*,v =sin~'y/x
dy du dv
= 2= )
Now, u = (sinx)*
Taking log on both sides, we get
logu = xlogsinx

Differentating w.r.t. X, we get

1 du d ( )41
e ogsinx) +logsinx
=x-——cosx+logsinx = xcotx+logsinx
sinx
du
L= (sinx)*[xcotx+logsinx] .....(ii)
X
dv 1
Also, v=sin"'y/x = = F 2\[ . (iii)
From (i), (ii) & (iii), we get
d 1 1
" d—z = (sinx)*[x- cotx +logsinx] + NN
1
= (sinx)*[xcotx+logsinx] + ———
(sin)l AN

) xsiner (Sinx)cosx

SOLUTION
Lety = x*"% 4 (sinx)**** = u 4 , where
dy du dv
dy _du dv
dx dx dx

u=x""and v = (sinx)*** =

()
Now, u =x*™ Taking log on both sides, we get
logu = sinxlogx ... .(ii)

Differentiating (ii) w.r.t. X, we get

ldu
> sinxa(logx) +10gx£(sinx) =sinx- ;—i—logxcosx
du | sinx
L— = +logxcosx] ... (iii)
dx X

Also, v = (sinx)“®** Taking log on both sides, we get
logv = cosxlogsinx ... (iv)

Differentiating (iv) w.r.t. X, we get
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1dv
e cosxalog sinx 4 log sinxacosx

= cosx——cosx + logsinx(— sinx)
s

inx
= cosxcotx —sinxlogsinx
dv : cosx : :
R (sinx)****[cosxcotx — sinxlogsinx] ....(v)
X
Substituting the values of (iii) & (v) in (i), we get
d .| sinx
dii =" T+logxcosx + (sinx)“***[cosxcotx — sinxlogsin x]
2
10 )d(COSx + X + 1
' x2—1

2
x 41
Lety = x* %"+ ———

xzilzu—i—v,
¥ +1 dy du dv

where u = x**** and v = )@7—1:> e E...(i)
Now, u = x*°8*

Taking log on both sides, we get

logu = xcosx-logx ...(ii)

Differentiating (ii) w.r.t.x, we,get

1du d
e xcosxa(logx) —l—xlogxacosx—i—cosxlogxa(x)
ldu 1 .
= —— =xcosx- —+xlogx(—sinx) + cosxlogx
udx X
u .
= cos —xsinxlogx + cosxlogx .. o X% cosx = xsinxlogx + cosxlogx] ... ..(ii1)
X

2
x +1

Also, v = ....(1v)
x2—1

Differentiating (iv) w.r.t. X, we get

v B D) R )

dx (2 1)

(= 1)(2x) = (2 + 1)(2x) - 2x[x* —1—x*—1] —4x -
= = = v

(W2 —1)° (2 —1)° (2 —1)?
Substituting the values of (iii) & (v) in (i), we get
dy . 4x
o x"°%¥[cosx — xsinxlogx 4 cosxlogx] — Sy
(x> —1)
4x

=x""[cosx(1+logx) — xsinxlogx] — ————
@)

11, (xcosx)* + (xsinx)'/*

'SOLUTION|

Let y = (xcosx)* + (xsinx)'/*

=u+v,
whereu = (xcosx)*,v = (xsinx)'/*
Ly _du ay
dx dx dx
... (i) Now, u = (xcosx)*. Taking log on both sides, we get log u = x log (x cos x) ... .(ii)

Differentiating (ii) on both sides w.r.t. x, we get
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12.

ldu B d ) )
P o og(xcosx) +log(xcosx)

1 d
—(xcosx)

v +log(xcosx)

=X

1 < d )
=X X—COSX -+ COSx
xcosx \ dx

+log(xcosx)

1

XCOSX

{x(—sinx) +cosx}| +log(xcosx)

=secx(cosx—sinx)+log(xcosx) = | —xtanx+log(xcosx) .. T (xcosx)*[1 —xtanx+log(xcosx)]....(iii) Now,v= (xsinx)
X

1
Taking log on both sides, we get logv = —(xsinx)
x

... (iv) Differentiating (iv) w.r.t.x, we get
ldv 1d | . . . d (1
T 1 og(xsinx) + log(xsinx) el

1 1 d —1
= —(xsinx) 4 log(xsinx) - <xz>

X xsinxdx

log(xsinx)

¥2

1 d( inx) + s
= oy | ¥ 7 5i0%) +sinx

_cotx 1 log(xsinx) xcotx+ 1—log(xsinx)

x 2 x? x?
dv . xcotx+ 1 —log(xsinx)
L= (xsinx) /¥ l 2 (V)

d
Substituting the values of (iii) and (v) in (i), we get LTy = (xcosx)*[l —xtanx+log(xcosx)]+ (xsinx)
X

du

1/x

1 | Xeotx 41— log(xsinx)

d
Find d—z of the functions given in Exercises 12 to 15.

X +y =1

Py =1...0)

Differentiating (i) w.r.t. X, we get
%(xy) + %(y") — 0. Gl

Letu =x"..logu = ylogx

Differentiating w.r.t. X, we get

ldu 1Jrl dy
= _ —v.— -
udx 4 X ngdx
du
= —=x

x d

dx

d
Y -Hogxy] . (i)
X

Letv=y" = logv =xlogy

Differentiating w.r.t. x,we get

1 dv 1 dy dv xdy

—_— = —_— 1 f—= e 1 ....'
v y dx+ o8y dx Y (ydx+ 0gy> @)

Substituting the values of (iii) and (iv) in (ii), we get
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13.

14.

15.

16.

d d
x X—Hogx—y +y {—y—f—logy =0
by dx ydx

d :
= (xylogx+xy"*l)dfvc: —(vlogy+y'")

dy (yxlogyﬂxy')

= el T
dx X logx+xy*—!

=X

We are given that, y* = x* Taking log on both sides, we get x logy =y log x ... (1)
Differentiating (i) on both sides w.r.t. x, we get

dy
dx

d d
x—Ilogy+logy-1=y—Ilogx+logx
x dx d

d

1d d
:>x-f-—y+10gy:X+logx-—y
y dx X dx
dy x y_ dy y(xlogy—y)
= —|logx—-| =logy—~=> —=——""=
dx y x dx  x(ylogx—x)

(cosx)” = (cosy)”

We have, (cosx)” = (cosy)* Taking log on both sides, we get

d d
y log (cos x) = x log (cos y) ... (i) Differentiating (i) on both sides w.r.t. X, we get = yd—log(cosx) +log(cosx) d—y
X X
d
= xa(log(cosy)) +log(cosy)

1 dy
ycosx( sinx) +log(cosx) o

1 d d
=x- ——(—sinxy) d—z—f— log(cosy) = d—z

log(co t =1 t
cosy [log(cosx) + xtany] = log(cosy) + ytanx

dy log(cosy)+ytanx
dx log(cosx)+xtany

xy = )

We have, xy = ¢ ) Taking log on both sides, we get log(xy) = loge™ ™)
or log x + logy =x—y ..(1)

Differentiating (i) on both sides w.r.t. X, we get

1 1dy dy dy (1 1
-+ —=(1-—]=—--+1]=1—-
x+ydx ( dx) a’x(y+ ) X

dy ~y(x—1)
= =
dx  x(y+1)

Find the derivative of the function given by f(x) = (14x)(1 +x%)(1 +x*)(1 +x®) and hence findf'(1).
Let f(x) =y

=y=(1+x)1+x2)1+xH(1+x%)

Taking log on both sides, we get

logy = log[(1 +x)(1+x*) (1 +x*) (1 +x%)]

= logy = log((1 4 x) +log(1+x?) +log(1 +x*) +log(1 +x%)
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17.

18.

Differentiating w.r.t. X, we get

1dy 1 1 1 1
A (2. (A+3 (8 7
v e T Tre T aea ) e )
dy 1 n 2x n 4x3 n 8x’
T Y| T T2 T A ()
2x 2x3 8x’

f)=0 1422 (142 (1448
2L =10+ 1+ A7) x| ot st gt s

=)=+ +1)A+1)(1+1)
1 2(1)  4(1)  8(1)
I+1 141 141 1+1

1 2 4 8
o+t

= f()=02)2)2)2) |3+3+5+5

= (1) = 16{”2;“8} - ?(15) = 8(15) = 120

Differentiate (x* — 5x+8)(x* +7x+9) in three ways mentioned below:
(i) by using product rule
(i1) by expanding the product to obtain a single polynomial,

(iil) by logarithmic differentiation. Do they all give the same answer?

(i) Let f(x) = (x* — 5x+8)(x* +7x+9) By using product rule,
d d
fl(x)=x*—5x+ S)a(x3 +7x+9) + (x° +7x+9)5(x2 —5x+38)
= f(x) = (= 5x+8) (3% +7) + ( +7x +9)(2x —5)
= f/(x) = 3x* — 15x% + 240 + 7x? — 3504 564 2x* 4 140 + 18x — 5x° — 35x — 45 = f/(x) = 5x* — 200 +45x% — 52x 4 11

(ii) By expanding the product to obtain a single polynomial,
Fx) = (2 =5x+8) (X +7x+9) = f(x) = x° +7x> +9x% — 5x* —35x2 —45x48x> + 56x+ 72
= f(x) =x° = 5x* +158° =263 4 11x+72 . f/(x) = 5x* — 200 +45x% —52x + 11

(iii) By logarithmic differentiation, Let f(x) =y = y = (x> — 5x+8)(x* + 7x+9)

Taking log on both the sides, we get logy = log{(x*> — 5x+8)(x* +7x+9)} logy = log{ (x* — 5x +8) +log(x* + 7x+9)} Differ-
entiating w.r.t. X, we get

1dy 1

_ (ON 2
ydx  (x*~5x+38) (Bx°+7)

(2x=3)+ (B3 +7x+9)

:>dy_ 2x—5 N 3x2 47
% x2—5x+8 x3+7x+9

d
éi%:{f45x+8ﬂf+7x+%

2x—5 N 3x2 +7
x2—5x+8 x3+7x+9

d
=(2x=5)(x +7x+9) + (3x* +7)(x* —5x+8) .. d—y = 5x* —20x> +-45x% — 52x + 11 Yes, the answer is same in all the three
X

cases.

If u, v and w are functions of x, then show that

du dv dw
d—(u vew) = d—v “wHu- T w+u- vd— in two ways-first by repeated application of product rule, second by logarithmic
X b X X
differentiation.
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(i) Lety=u-v-w=u-(vw) ...(i) Differentiating (i) on both sides w.r.t. x, we get

d d d

di)yc = (vw) = ua(vw) =u' - (vw) +ul'w+ww']
oy ! _du N dv N dw
=l vewtww= v Wt w ey

(ii) y = u - v-w Taking log on both sides, we get logy = logu +logv +logw ....(ii) Differentiating (ii) on both sides w.r.t. X, we
get

Idy 1du 1ldv 1ldw
—_— =
ydx udx vdx wdx

dy ldu 1dv 1ldw
= —=y| -5+ 4+ ——

dx udx  vdx  wdx
B ldu 1dv 1ldw
=W\ adx T var war
B du dv dw_du dv dw
—vwa—i—uwa—}-uva—E~v~w+u'a~w+u~v T

[ Download Best E-Books on Mathematics For C.B.S.E, L.S.C., I.C.S.E., JEE & SAT

www.mathstudy.in

Download Mathematics E-Books for C.B.S.E / I.C.S.E. / L.S.C. / JEE from www.mathstudy.in



Continuity & Differentiability

Our Mathematics E-Books

1. J.E.E. ( Join Entrance Exam)
% Chapter Tests ( Full Syllabus- Fully Solved)
% Twenty Mock Tests ( Full Length - Fully Solved )

2. B.L'T.S.A.T. Twenty Mock Tests ( Fully Solved)

3. C.BS.E.
% Work-Book Class XII ( Fully Solved)

% Objective Type Questions Bank C.B.S.E. Class XII ( Fully
Solved)

% Chapter Test Papers Class XII ( Fully Solved)
% Past Fifteen Years Topicwise Questions (Fully Solved)

% Sample Papers Class XII ( Twenty Papers Fully Solved-
includes 2020 solved paper )

% Sample Papers Class X ( Twenty Papers Fully Solved -includes
2020 solved paper)
4. 1.CSE. &IS.C.
% Work-Book Class XII ( Fully Solved)
% Chapter Test Papers Class XII ( Fully Solved)

% Sample Papers Class XII ( Twenty Papers Fully Solved
-includes 2020 solved paper)

% Sample Papers Class X ( Twenty Papers Fully Solved -includes
2020 solved paper)

5. Practice Papers for SAT -1 Mathematics (15 Papers - Fully Solved)
6. SAT - II Subject Mathematics (15 Papers - Fully Solved)

[ USE E-BOOKS & SAVE ENVIRONMENT WWW.MATHSTUDY.IN

Download Mathematics E-Books for C.B.S.E / I.C.S.E. / L.S.C. / JEE from www.mathstudy.in



