Continuity & Differentiability

[ NCERT - Exercise 5.1

1. Prove that the function f(x) = 5x — 3 is continuous at x= 0, at x = 0 and atx = 5.

f(x)=5x—3 Atx=0: We have, f(0) = -3

lim f(x)
x—0~
= lim 5(0—h)—3
x—0—h
h—0
=-3
li = lim 5(0+h)—3=-3
x—1>r(r)l+f(X) xﬁl(r)r}rh ( * )

h—0
s lim f(x) = lim f(x) = f(0) .. f is continuous at x = 0.
x—0 x—0F
Atx=—3: We have,f(-3)=5(-3)-3=-18
lim f(x)= lim [S(—3—h)—3]= lim [~15—5h—3] = —18
x—=3—h x—=3—h

x——3"

h—0 h—0
li = 1 — —3]= lim — 3= _
x_)u_nﬁf(x) nglh[S( 3+h)—3] xngth 15+ 5h—13] 18
h—0 h—0
. L = i = f(-3
im flx) = lim fx) = f(=3)
. fis continuous at x = —3. .

Atx=5: f(5)=5(5)-3=22
lim f(x)= lim [5(5—h)—3]= lignh25—5h—3:22

x—57 x—5—h X—5—

h0 h=0
lim f(x)= lim [5(5+h)—3]= lim 25+4+5h—3=22
x—5+ x—5+h x—5+h
h0 h=0
colim f(x) = lim f(x) = f(5)
x—57 x—5+

.. fis continuous at x = 5.

2. Examine the continuity of the function f(X)2x2 —latx=3.

SOLUTION

f(x)=2x>—~1;RH.L.

= li = lim 23 +h)?%—1
x—1>r§1+f(X) x—gr-}-h ( (S )

h—0
= lim 2(9+46h+h*) -1
x—3+h
h—0
= lim (184 12h+2k*)—1= lim (17+12h+2k*) =17
x—3+h x—3+h
h—=0 h—0

LHL = lim f(x)= lim 2(3—h)* -1

x—3~ x—3—h
h—0
= lim 2(9—6h+h*)—1
x—3—h
h—0
= lim (18 —12h+2K%)—1
x—3—h
h—0
= lim 2K —12h+17=17
x—3—h
h—0
" RHL =LH.L.
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Continuity & Differentiability

Also, f(3) =2(3)* = 1=17.. lim f(x) = lim f(x) = f(3)
x—3+ x—3~
Hence, the given function f(x) = 2x* — 1 is continuous at X = 3.

. Examine the following functions for continuity :

@f(x)=x-5
(b)f(x) = E,x;«éS
X —
(©) flx) = 75" # =5
(@ £(x) = b5
@ f(x)=x—5

Let a be a real number, then

Jlim f(x) = lim (a+h) a

h—0
xgrzl*f(x) - xLitrznh(a_h) —S=a=s
h—0
Also, f(a)=a—5 .. 1_i>m+f(x) = l_i}mif(x) = f(a)

Hence, the given function f(x) = (x —5) is continuous.
SOLUTION

1
() f(x) = Py Let a be a real number, then
y—

1

lim f(x) = lim Lz

x—at x—a+h a+h—>5 a—>5
h—0

lim f(x) = i 1

Jm )= s s
h—0

Also, f(a) = L lim f(x) = lim f(x)= f(a)

a—5" "xsat x—a~

Hence, the given function f(x) =

=25 (x+5)(x-5)

5 is continuous at all point except at x =5 .
P

©f(x)= P S =x—5Let ’a’ be a real number, then
1. = 1 — = —
x—lglJr f(x) xggﬁl»h (a -y h) S=a=3
h—0
and lim f(x)= lim (a—h)—5=a-5
x—a~ x—ra—h
h—0

Also, f(a)=a—5 . lim f(x) = lim f(x) = f(a)

x—at x—a~

Hence; the given function f(x) = x — 5 is continuous at every point of its domain.

(d) f(x) =[x=5]|
li = i —5l=la=5l=a—
xir%f(x) x££h|a+h 5|=la—5|=a-5
h—0
lim f(x)= lim |a—h—5|=|a—5|=a-5
x—a- x—a—h
h—0
Also,f(a)=la—5|=a—-5 .. lim f(x)= lim f(x) = f(a)
x—at x—a~

Hence, the given function f(x) = |x — 5| is continuous.
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4. Prove that the function f(x) = x” is continuous at x = n, where n is a positive integer.

Given, f(x) =x",n € N So, f (x) is a polynomial function and domain of f is R. lim f(x) = limx" = x" = f(n)
X—n X—n

= fis continuous at n€N.

x, if x<1

. continuous at x = 0?2 Atx = 1?2 Atx =27
5, if x>1

5. Is the function f defined by f(x) = {

i)Atx=0, li =l =0 i =1l =0
O Atx =0, lim /()= lim (9 =0 lim /()= lim (5
Also, f(0)=0
Thus, lim f(x) = lim f(x) = f(0)

x—0~ x—0t
Hence, f(x) is continuous at x = 0.

(i) Atx=1,. lim f(x)= lim (x) =1 lim f(x)= lim 5=5

x—1- x—1- x—1t x—1t
o lim f(x) # lim £(x)
x—1t x—1-

= fis discontinuous at x = 1.

(iil) Atx =2, lim f(x) = lim 5=5 lim f(x)= lim 5=5
x—27

x—27 x—2+F x—2%
Also, f(2) = 5
Thus lim f(x) = lim f(x) = f(2) .". f(x) is continuous at x = 2.
x—27 x—27F

Direction : For questions (6 - 12), find all points of discontinuity of functionf(x). .

2x—=3, if x>2

For x < 2, function f (x)= 2x + 3 is‘polynomial and hence, continuous. For x > 2, function f(x) = 2x—3 is polynomial and hence,
continuous.

6. f(x):{ 2x+3, if x<2

For continuity at x = 2,
lim f(x) = lim (2x+3) = lim [2(2—h)+3]
x—2- x—2~

x=2—h
h—0
= lim (4—2h+3)=" lim (7—2h)=7
x—2—h x—2—h
h—0 h—0
li _ - _ 1 .
xirgr f(X) xggl+ (2)6 3) xl}g}-h [2(2 + h) 3]
h—0
= lim (442h—3)= lim (14+2h) =1
x—2+h X—=2+h
h—0 h—0

Thus, lim f(x) # lim f(x) .. f(x) is not continuous at x = 2.
x—27 x—2+F
So, the only point of discontinuity of f is 2.

|x|+3, ifx<-3
7. fx) =< —2x, if —3<x<3
6x+2, ifx>3

Atx=3:
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lim f(x)= lim |x|+3= lim (|-3—-h|4+3)=|-3-0/+3=3+3=6
x——=3" x——=3" x—l>1;30—h

lim f(x)= lim (—2x)= lim (=2(=3+h3))=-2(—=340)=6 f(-3)=|—3|+3=3+3=6

x——3+ x——3+ x——3+h

h—0
Thus,, lim f(x)= lim f(x)= f(-3)
x——3" x——3+
.. fis continuous at x = —3.
Atx=3:
lim f(x) = lim (—2x) = lim (—-2(3—h))=-2(3—-0)=-6
x—3~ x—3~ x—3—h
h—0
li = lim (6x+2)= 1i 6(3+h)+2)=6(3+0)+2=20
lim f(x) = lim (6x+2) x;g%h( (3+h)+2) =6(3+0)+
—

Thus, lim f(x) # lim f(x) .. f(x) is discontinuous at x = 3.
x—3~ x—3+

So, the only point of discontinuity of f is 3.

x|
S =4 o XD

0, if x=0

SOLUTION
. I T

Atx=0: lim f(x) = lim —= lim — = lim (—1)=—1
x—0~ x—0" X x—0" X x—0~

. o

lim =1lm —=Ilim -= lim (1)=1

x—l>0+f(X) x—l>0Jr X x—0t X x—>0+( )

Thus, lim f(x) # lim f(x) = f(x) is discontinuous at x = 0.
x—0~ x—0t
So, the only point of discontinuity of f is O.

'x .
f) = m,tf x<0
—1Lif x>0

X X
Atx=0: lim f(x) = lim —= lim —
x—0~ x—07 |x| x—=0" —X
lim (—1)=—1 lim = lim (—1)=—1
x—0~ ( ) x—0t f(X) x—0t ( )

Thus, lim f(x)=-lim f(x) = f(0)

x—0~ x—0F

= f(x) is continuous at x = 0.
So, f(x) has no-point of discontinuity.

_x+1, ifx>1
'f(x)_{xz—i—l, ifx<1

SOLUTION
We observe that f(x) is continuous at all real numbers x < 1 and x > 1 as it is polynomial function.
Now, continuity at x =1 :

li =1 1 1+h)+1=2
x—l>I}1+f(X) x—1>r{1+(x+ ) h( + )+

= lim
x— 1+
lim f(x)= Lim (x>41)= lim (1—h)>+1

x—1- x—1- x—1—h
= lim (1—2h+h*)+1=2 Also, f(1)=2
x?gfh
h
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11.

s lim f(x) = lim f(x) = f(1)

x—1+t x—1~
Hence, f(x) is continuous at x = 1 and at all points.
So, f(x) has no point of discontinuity.

3 .
] x=3, ifx<2
f(x)_{ 1, ifx>2

We observe that f(x) is continuous at all real numbers x < 2 and x > 2 as it is polynomial function. Now, continuity at x =2 :

li _ 1 2 BT 2
Jim ) = lim 7+ 1) = lim, @A 1
h—0
= lim (4+4h+h*)+1=5
x—2+h
h—0
lim f(x) = lim (x*-3)= lim (2—h)>-3
x—2~ x—2- x—=2—h
h—0
lim (2—12h+6h*—h*)-3=5
x—2—h
h—0
Also, f(2)=8—-3=5 . lim f(x) = lim f(x) = f(2)
x—2~ x—2+

Hence, f(x) is continuous at x = 2 and at all points. So, f has no point of discontinuity.
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£0—1, ifx<1

12 fx) = { x ifx>1

Weobserve thatf(x)is continuousat real numbers x < 1 and x > 1 as it is polynomial function. Now, continuity at x = 1:
LHL.=lim f(x) = lim (x'°—1)= 1lim [(1-R)—1]=0
x—1- x—1- x?iah
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RHL.= lim = lim (X*)= lim (14+h)?=1
x—1>1+f(X) x—l>1+(X) xfigh( + )

Also, f(1)=1""—1=0 . LHL.# RHL.# f(1) = fis discontinuous at x = 1.
So, the only point of discontinuity of f (x) is 1.

x+5, ifx<l1

. a continuous function?
x—=5, ifx>1

13. Is the function defined by f(x) = {

We observe thatf(x) is continuous at all real numbers x < 1 and x > 1 as it is polynomial function. Now, continuity at x =1:

x—lgl* f(X) xl—lglJr (X 5> xg?}rh (1 th 5) xLl?Jlrh (h 4) 4
h—0 h—0

lim f(x)= lim (x+5)= lim (1—h+5)= lim (6—h)=6
x—1- x—1- x—1—h x—1—h
h—0 h—0

Thus, lim f(x) # lim f(x) .-. f(x) is not continuous at x = 1.
x—1+ x—1—

3,if 0<x<1
14. Discuss the continuity of the function f, where f is defined by f(x) = ¢ 4,if 1<x<3

5,if 3<x<10

Atx=1:LHL. lim f(x) = lim 3 =3 and

x—1- x—1-

RHL.= lim f(x)= lim4=4 - LHL #RH.L atx=1.

x—1+t x—1+t

Atx=3:LHL.= lim f(x) == lim 4 =4 and

x—3~ x—3~

RHL.== lim f(x)= lim 5=35

x—3+ x—3+

LHL#RHL. atx = 3.

Thus, function is not continuous at X = 1'and x = 3.

2x,if x<0
15. f(x)=¢ 0,if 0<x<I1
4x,if x> 1

Atx=0:LHL. =lm f(x)= lim 2(0) =0

x—0~ x—0~

R.H.L:= lim f(x) =1lm0=0
x—0+t

x—0~

Also, f(0)=0. . LHL.=RHL=f(x)
So, f (x) is continuous at x = 0. Atx =1:

LHL. lim f(x)= lim 0=0and R.H.L.= lim f(x)= lir}1+4(1) =4
x—

x—1- x—1~ x—1t

Also, f (1) =0 .". L.H.L.#AR.H.L. So, f(x) is discontinuous at x = 1.

=2,if x< -1
16. . f(x) =< 2x,if —-l<x<1
2,if  x>1
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17.

18.

Atx=—1:

RHL= lim f(x)= lim 2(—1+h)=-2
x——1t xﬁhflOJrh
—

LHL. = lim f(x)= lim (-2)=-2

x——1- x——1—h
h—0
Also, f(=1)==2.. lim_f(x)= lim f(x)=f(-1)

Hence, f(x) is continuous at x=—1 . Atx = 1:

RHL. lim f(x) = lim (2) =2

x—1t x—1+

LHL= lim f(x)= lim 2(1—h)=2

x—1- x—1—h

Hence, f(x) is continuous at x = 1.

ax+1, if x<3

Find the relationship between a and b so that the function f defined by f(x) = { bx+3, if x>3

At x=3:
lim f(x) = lim (ax+1)= lim (a(3—h)+1)
x—3~ x—3~ x—=3—h
h—0
= lim (3a—ah+1)=3a+1
x—=3—h
i oy oy
xilgf(x) xgr?_(bx+3) xlg?-h (b(3+h)+3)
h—0
= lim (3b+bh+3)=3b+3 Also, £(3)=3a+1
iy

Thus, lim f(x) = lim f(x) = f(3)
x—37 x—3+t
o . 2
f(x) is given as continuous at x=3] = 3b+3=3a+1=2=3(a—b) = a—-b= 3
This is the required relation between a and b.

A —2x), if x<0

; continuous at x= 0?
4x+1, if x>0

For what value of A is the function defined by f(x) = {

What about continuity at x = 1?

Since f (x) is continuous at x = 0,
(i) lim f(x)= lim A (x> —=2x) =A(0—0)=0
x—0~ x—0~

I — lim 4x+1=4(0)+1=1
xil(l;l‘*'f(X) xir(l)l‘*' " ( )

As L.H.L. # R.H.L. f(x) is continuous at x = 0 for no value of 1.

(i) Atx=1:limf(x) =lim4x+1=4x1+1=5and f(1) =4(1)+ 1 =5 Thus,lim f(x) = f(1) for any value of 1.
x—1 x—1 x—1
Hence, f(x) is continuous at x = 1 for any real value of A .
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19. Show that the function defined by g(x) = x — [x] is discontinuous at all integral points. Here, [x] denotes the greatest integer less
than or equal to x.

Letn €1. Then, lim [x] =n—1[and g(n) =n—n=0. [ [n] = n because n € I]

X—n—

Now, lim g(x) = lim (x—[x]) = lim x— lim x| =n—(n—1) =1
X—n— Xx—=n— Xx—=n— Xx—n—

and lim g(x) = lim (x—[x]) = lim x— lim x]=n—n=0

x—nt x—nt x—nt x—nt
Thus, lim g(x) # lim g(x).
x—n— x—nt

Hence, g(x) is discontinuous at all integral points.

20. Ts the function defined by f(x) = x> —sinx+ 5 continuous at x = 7?

Atx=rm:
lim f(x)= lim (x+h)*—sin(z+h)+5
x—nt xX—T+h

h—0

= lim [(n%®+h®+27h) +sinh+5] = 72 45
0

XTI~ x—T—h
h—0
= limh(nz +h? —27;h) —sin+5 = % + 5 Also,f (%) = 1 +5
X—T—
h—0

Thus, R.H.L. = L.H.L. =f(). Function is continuous at X =7.

21. Discuss the continuity of the following functions :
(a) f(x) = sinx+cosx
(b) f(x) = sinx — cosx

(¢) f(x) =sinx-cosx

(a) Let a be an arbitrary real number. Then, f(a) = sina+cosa
lim f(x) = lim [sin(a+h)+ cos(a+h)]
x—at x—a+h
h—=0
= lim {(sinacosh+ cosasinh)+ (cosacosh—sinasinh)}
x—a+h
h—0
=sina(l) +cosa(0) +cosa(l) —sina(0) = sina+ cosa

lim f(x)= xLiLrlrih [sin(a — h) 4 cos(a — h)]

xX—a -
h—0
= lim , [(sinacosh — cosasinh) 4 (cosacosh +sinasinh)] = sina(1) — cosa(0) +cosa(l) + sina(0) = sina+ cosa.
X—a—
h—0

s lim f(x) = fla) = lim f(x) = f(x) is continuous at x = a. .". f(x) = sin X + cos X is everywhere continuous.
Xx—a- X—a

(b) Let a be an arbitrary real number. Thenf(a) = sina — cosa

lim f(x) = xggh sin(a+h) —cos(a+h)

x—at
h—0
= lim {(sinacosh+cosasinh)— (cosacosh—sinasinh)}x
Wiy
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22.

=sina(1l)+cosa(0) —cosa(1) +sina(0) = sina —cosa
lim f(x) = limh[(sin(afh) —cos(a—h))

x—a~ x—a—
h—0
= lim , [(sinacosh — cosasinh) — (cosacosh+ sinasinh))
xX—a—
h—0

=sina(l) —cosa(0) —cosa(l) —sina(0) = sina — cosa.
- lim f(x) = f(a) = lim /(2

= f(x) is continuous at x =a . .". f(x) = sinx — cosx is everywhere continuous.

(c) Let a be an arbitrary real number. Then, f(a) = sinacosa
lim f(x)= lim [sin(a+ h)cos(a+h)]
x—at x—a+h
h—0
= lim [(sinacosh+ cosasinh)(cosacosh—sinasinh)]
e

= ((sina(1) 4+ cosa(0)((cosa)(1) —sina(0)) = sinacosa.

lim f(x)= lim [sin(a—h)cos(a—h)]

Sim f(x) = f(a) = lim f(x).

x—a~ x—at

= f(x) is continuous at x = a. So, f(x)= sinx-cosx is everywhere continuous.

Discuss the continuity of the cosine, cosecant, secant and cotangent functions.

(a) f(x) = cos x. Clearly, domain of f = R
Let a be an arbitrary real number, then f(a) = cos a.

lim f(x)= lim cos(a—h)= lim(cosacosh+sinasinh) = cosa
x—a~ x;_a)ah h—0

lim f(x)= lim cos(a+h)=1lim(cosacosh—sinasinh) =cosa .. lim f(x) = lim f(x) = f(a) = f(x) = cosx is continuous
x—at x;jJOrh h—0 x—a~ x—at

ataforall a € R.

1
(b) f(x) =cosecx = f(x) = s,Tand domain of f =R—{nw},nel.
inx

1
AlSO,f(Cl) =
sina
li !
Sa+sinx  lim sin(a+ h)
x—a+h
x—0
. 1 1
= lim — — = — .
x—ath sina cosh+cosasinh  sinacos0 -+ cosasin(0)
X—
1 1 1

~ sina(1) +cosa(0)  sina+0  sina

i o
s f ) o sin(a —h)
x—0
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1 1
)lerlrih sinacosh —cosasinh  sina
x—0
- lim f(x) = lim f(x) = f(a)
x—a~ x—at

Thus, cosec x is continuous at a foralla e R— {nn},n € 1.

1 T
(©) f(x) =secx= f(x) = RCleaﬂy, domain of f =R — {(2n+ I)E,n EI}
x

1
Also, f(a) =
cosa
lim f(x)= li :
et T cos(a+h)
h—0
B 1
o x—itlll-}-h cosacosh — sinasinh
h—0

1 1 1

~ cosacosO—sinasin0 cosa(l) —sina(0)  cosa

I = lim ———
xlgl*f(x) Sorah cos(a—h)
h—0
. 1 o i i ¥
n x;:tl;%h cosacosh+sinasinh  cosa’ 'x—lglf flx) = x—1>r£1+ f)=1a
—

T
Thus, sec x is continuous at a for all a € R— {(2n+ I}E,n el

@) f(x) =cotx f(x) = % and domain of f =R—{nw},nel

1

lim f(x)= lim —
x—at f( ) x—a+h tan(a + h)

h—0
B 1 B 1 B 1 B 1
a x;m-(‘:)—h tana+tanh . tana+0  tana tana

—
1 —tanatanh 1 —tanatan0 1-—0
. . 1 1 1

lim f(x)= lim ———— = lim =
x—a~ x—a—h tan(a — /’l) x—a—h tana — tanh tana

h—0 h—0

1 +tanatanh

x—a=

- lim f(x) = lim £(x) = f(a)
x—at
Thus, cotx is continuous at a foralla € R—nw,n € 1.

. Find-all points of discontinuity of f, where

sinx |
fy=q o oxs0
x+1, if x>0

SOLUTION

Atx=0,£(0) =1
sin(—h)
LHL= 1 = 1 =1
xg(l)l* f(x) x—}én—h —h

h—0
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24.

25.

26.

RHL. lim f(x)= lim (h+1)=0+1=1
x—0t xﬁg-gh

s lim f(x) = lim f(x) = f£(0) Thus, f(x) is continuous at x = 0.
x—0~ x—0F

) . sinx )
When x < 0, sin x and x both are continuous. .., —— is also continuous.
X

When x > 0, f(x) = x + 1 is a polynomial.

.. f(x) is continuous. So, f(x) is not discontinuous at any point.

7 . .
Determine if f defined by f(x) = * S5 if x#0 4 continuous function?

0, if x=0

We have,f(0) =0

1 1
lim f(x)= lim (0—h)*sin 5 = Jim (—h2sin>

x—0- x—0—h (0—h)  x—0-h h
h—0 h—0
lim f(x)= lim (0+h)? ! lim Ksin~—0
m = m = m sin — =
x—0F x x—0+h (0 + h) x—0+h h
h—0 h—0

oo lim f(x) = lim f(x) = f(0) = fis continuous at x = 0.
x—0~ x—0*t
For x #0, f(x) is a continuous at every point. So, f(x) is a continuous function.

sinx—cosx, if x#0

Examine the continuity off where f is defined by f(x) = { 1 if x=0

We have
lim f(x)= lim [sin(0—h)—cos(0—h)]
x—0~ x—=0—h
h—0
= lim (—sinh—cosh)=—(0)—1=—1
x—0—
h—0

lim f(x)= lim [sin(0+h)—cos(0+h) = }llir%(sinh —cosh)
—

x—0t x—=0—h

lim f(x ) = lim [sin(0+h) —cos(0+ h)] =

X—a
lim(sin A-cos) =0—1=—1
Also,f(0) = —1 -, lim f(x) = lim f(x)= f(0)
x—0~ x—0+t
Hence, f(x) is continuous at x = 0. At x < 0, f(x) = sin X—cosX is continuous

At x > 0, f(x) = sin x—cosx is also continuous .". f(x) is continuous at all x € R.

Find the values of k so that the function is continuous at the indicated point in questions 26 to
29.

floy=q *=2
3

T
kcos (2 h)
lim_ fx)= lim ———£

T T T
x—>7 X_)E_h T—2 <2h>
h—0

Download Mathematics E-Books for C.B.S.E / I.C.S.E. / L.S.C. / JEE from www.mathstudy.in



Continuity & Differentiability

27.

28.

_ 1y ksinh
N 1;1 T—7m+2h
Xﬁafh
h—0
, ksinh &k i sinh &k
= lim == lim —=~
T 2h 2 T h 2
x———h x———h
h—0 h—0
k r +h
COS 3
lim f(x) = lim ————%L
Tt T T
xaT x~)§+h -2 §+h
h—0
i —ksinh
= m
T —2h
x—>§+h
h—0
k . sinh &
=— lim —=—
r b2
—+h
x— 2+
h—0

T T
Also, f <2> = 3. For continuity at x = 5 we have

: L R k _
hr;;*f(X)_ 11r7rtl+f(x)—f<2> :>§—3:>k—6

2 2

o kxrif x<2 .
f(x)—{ 3. if x>2 atx=2.

'SOLUTION|

We have, f(2) = 4k

li = I =
xigh f(X) xﬂlgih 3=3

h—0
lim f(x)= lim (2—h)%* =4k For continuity at x = 2, we have lim f(x) = lim f(x) = f(2)
x—27 xziah x—27 x—2+F

3
= dk=3= k=g

atx=m.

f<x>:{kx+1, if x<m

cos, if x>m

SOLUTION

li _
,\f-1>r711’71Jr f(x) xllglkh f(ﬂ: + h)
h—0
= lim cos(m+h)= lim —cosh= —cos(0)=—1
x—m+h X—n+h
h—0 h—0

lim f(x)= lim k(r—h)+1=kr+1and f(n)=kw+1

X—T xizah

Since the given function is continuous at x = 7,
- lim f(x) = lim f(x) = f(n)
x—nt X—T

:>k+1:—1:>k7r:—1—1:>k7t=—2:>k:7
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k41, if x<5 B
29. f(x)—{ -5 if x>5 atx=>5

lim f(x) = lim (kx+1)
x—57 X—57

= lim (k(5—h)+1)=k(5—0)+1=5k+1

x—=5—h
h—0
li =1 —-5)= 1l —35) = —5=
xirgf(x) xljlg@x 5) xl}gr}rh (3(5+h)—5)=3(5+0)—5=10
h—0
. . . 9
For continuity at x= 35, lim f(x) = lim f(x)=f(5)=5%+1=10=5%=9=k=
x—57 x—5T 5
5, if x<2
30. Find the values of a and b such that the function defined by f(x) =< ax+b, if 2<x<10 isa continuous function.
21, if x>10

Since f is continuous at all x, so f is continuous at x = 2, 10.
Atx=2: lim f(x)= lim (5)=5
x—2-

x—=27

lim = lim b
)cl>2Jr f(X) x—=21 (ax + )

= lim (a(2+h)+b)=a(2+0)+b=2a+band f(2) =5

x—=2+4h
h—0
For continuity, lim f(x) = lim f(x) = f(2)
x—27 x—2+

—~5=2a4+b=5=2a+b=5....()
Atx=10: lim f(x)= lim (ax+b)
x—=10" x—10"

= lim (a(10—h)+b)=a(10—0)+b=10a+b

x—10+h

h—0
lim f(x)= lim (21) =21 f£(10) =21
x—10% x—10%

For continuity, lim f(x) = lim f(x)=f(10)
x—10%

x—107

= 10a+b =21 = 10a+b =21 ...(i1)
Subtracting (i) from (ii), we get 8a = 16 = a=2

Putting a =2 in (i), we get2(2)+ A=5=b=5—4=1Hence,a=2, A= 1.

31. Show that the function defined by f(x) = cos(x?) is a continuous function.

Let f(x) = cos(x?). Domain of f = R.
Let a be any arbitrary real number.
Then,xlil}}r flx)= lizn cos (a+h)? = cosa’

x—a+h
h—0

Then, lim f(x) = lim cos(a—h)> = cosa® and f(a) = cosa®

x—a~ x—a—h
h—0
Thus, lim f(x) = lim f(x) = f(a)Va € R.
x—a~ x—at

. f(x) = cos(x?) is continuous ataVa € R.

32. Show that the function defined by f(x) = |cosx]| is a continuous function.

We know that cosine fiinction is everywhere continuous and also modulus function is continuous. Therefore, | cosx| is everywhere
continuous.
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33. Examine that sin|x| is a continuous function.

Let f(x) = |x| and g(x) = sinx. Then, (gof)(x) = g[f(x)] = g(|x|) = sin x|
Now, f and g being continuous, it follows that their composite function (gof) is continuous.

34. Find all the points of discontinuity of f defined by f(x) = |x| — [x+1].

‘We have,
)= [~ 1], if <1
Ffx) =< —(x)—(x+1), if —1<x<0
(x) = (x+1), if x>0
1, if x<-—1
=fx)=¢ —2x—1, if —-1<x<0
-1, if x>0
Atx=—1: h?},f(x)zl
9= B, (BT 1) =LA = =2-1) -1 =1

Thus, lim f(x)= lim f(x) = f(—1)= fis continuous atx = —1
x——1- x——1F

Atx=0:
lim f(x) = lim (—2x—1)= lim (=2(—h)—1)=—1
x—0~ x—0~ x—0—h
h—0
Also, f(0) =—1

Thus, lim f(x) = lim+ f(x) = f(0) = fis continuous at x = 0. Also, f being a constant is continuous when
x—0~ x—0

x < —1 or when x > 0. .". f is continuous for all x-€ R Hence, there is no point of discontinuity.
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