Application of Derivatives

[ NCERT - Exercise 6.3

1. Find the slope of the tangent to the curve y = 3t —4xatx=4.

We have, y = 3xt —4x (i)

. .. . dy 3 3 . . dy 3
Differentiating (i) w.r.t. x, we get e 3-4x° —4-1=12x" —4 . Slope of tangent at x = 4 is T =12x(4)°—4="764
X X
x=4

x—1
2. Find the slope of the tangent to the curve y = T #2atx=10.
x—

x—1 dy (x=2)-1—(x—1)-1 -1

We have, y = ,x # 2 (i) Differentiating (i) w.r.t. x, we get — = =
Y=t s T (x—2)? (x—2)?
Slope of tangent at x = 10'is [ % ! !
.. Slope of tangent at x = 10 is | — S —
’ ¢ dx ) (10—2)> 64

3. Find the slope of the tangent to curve y = x

We have, y = x° —x+1 (i)

—x+ 1 at the point whose x—coordinate is 2.

d d
Differentiating (i) w.r.t. x, we get d—y =3x?—1 -, Slope of tangent at x = 2 is <dy> =302)?%-1=11
X X
x=2

4. Find the slope of the tangent to the curve y = x> —3x+2 at the point whose x—coordinate is 3.

We have, y = x> — 3x+2 (i)

d
Differentiating (i) w.r.t x, we get d—y =3x>=3 . Slope of tangent at x = 3 is (d) =3x32-3=24.
X X
x=

T
5. Find the slope of the normal to the curve x = acos>6,y = asin>at 6 = T

We have x = acos’0 (i) y= asin’ 0 (ii)

d
Differentiating (i) & (ii) w.r.t 6,we get £ = 3acos26( —sinf) = —3acos>0sin O
dy
yi3 20 edyi de B 3asin’6 cos O — tmo
dg TS T e\ —3acos’@sing "
de
. Slope of normal at 6 = “is ———— L ___;
. Slope of normal at 6 = - is & = an(rA)
dx T
4

T
6. Find the slope of the normal to the curve x =1 —asin 0,y = bcos’6 at @ = >

We have x =1—asin6 and (i) y = bcos” 0
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d
Differentiating (i) & (ii) w.r.t 6,we get £ =0—acosO = —acos B and

dy
dy . , dy \d0)  —2bcosO(sin®) 2b
——=2bcosO(—sin6) = —2bsinOcos O So, — = = = ;sme

de dx dx\  —acos@
de

—1

(dy>
dx
0=m/2

T
.". Slope of normal at 8 = 5 is

. Find points at which the tangent to the curve y = x> — 3x> — 9x + 7 is parallel to the x—axis.

We have, y = x> —3x* —9x +7 (i)

d
Differentiating (i) w.r.t x, we getd—y =3x>—6x—9
by

Now, tangent to (i) is parallel to x—axis= %: 0=3%—6x—9=0=x"-2x—3=0
=x-3)(x+1)=0=>x=3,-1

When x = 3, the from (i), we get y = 3> —3-(3%) —9.34+7=27=27—27+7 = —20
When x = —1, then from (i), we get y = (—=1)° =3(=1)2—9(=1)+7= -1 -3+9+7 =12
Hence, the required points are (3,—20) and (—1,12).

. Find a point on the curve y = (x — 2)? at which the tangent is parallel to the chord joining the points (2,0) and (4,4).
SOLUTION
dy

Equation of given curve is y = (x —2)* (i) = 2 2(x —2) Slope of chord joining the points (2,0) and (4,4) is
x

N
(e

==

N
)

For the points at which tangent is parallel to the chord joining points (2,0) and (4,4), we must have % = slope of the chord
=2(x-2)=2=x-2=1=x=3

When x = 3, then from (i), we get y = (3 —2)> = 1 .. Required point is (3, 1)

. Find the point on the curve 'y = x> — 11x+5 at which the tangentis y =x—11.

We have, y = x> =11x+5 (i) and y = x — 11 (ii)

Slope of (ii) is 1 (iii)

d d
From (i), d—y =3x2-11 Slope of tangent is d—y =1 [from(iii)] = 3 —1l=1=x==42
X X

When x = 2, then from (i), y = 23— 11 x2+45=—9 When x = —2, then from (i), y= (72)3 —11(-2)+5=19
So, we find that at (2, —9)and at (—2,19) the slope of tangent is 1.
But only (2, —9) satisfies given equation of tangent. .'. The point at which the line (ii) is tangent is (2, —9).
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x# 1.

10. Find the equations of all lines having slope —1 that are tangents to the curve y = T
X—
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11.

12.

13.

1
We have, y = 1 x#1(3)
X—

d -1
Differentiating (i) w.r.t. x, we get il = 5
dx  (x—1)
For tangents having slope = —1, we must have-1 = ( — 1)2 = (x— 1)2 =l=x—1l=*xl=2x=1£1=2,0
x—
. 1 o
When x = 2, then from (i), y = 3 1= 1 .-. The point is (2, 1).

Equation of tangent at (2, 1) isy— 1= —1(x—2), orx+y—3 =0 When x = 0, then from (i), y = =—1.

1
0-1
The point is (0, —1) . Equation of tangent at (0, —1)isy—(—1) = —1(x—0),orx+y+1=0
.".Required tangents are x+y—3=0and x+y+ 1 =0.

Find the equations of all lines having slope 2 which are tangents to the curve y =
x

-3

The given curve is y =

x # 3.

1

x—3(i)

d -1
Differentiating (i) w.r.t. x, we get 2 5
dx  (x-3)

1
For tangents having slope 2, we must have 2 = = (x—3)2= 57 2(x—3)=—-1=22—12x+19=0

12++/144 — 152 12++/-8
= S = —
4 4
Hence, there is no tangent.

x—3)*

=X which is not possible as-being imaginary number.

1
Find the equations of all lines having slope 0 which are tangents to the curve y = —————.
x> —=2x+3
SOLUTION
We h : i)
e have, y = 22513 @
. .. . dy -1 d 2 —(2x—-2)
Differentiating (i), w.rt. x, we get —— = ————— —(x" —2x+3) = ————
dx  (x2—2x+3)7dx (x2 —2x+3)
For tangents having Slope 0 thave ¥ g 72 45 5y 1
R _— = = =0= —2=U=x=
or tangents having §lope Uwe must have — @—2c13) X X
Wh 1 ! 1( ing (i)) .". The t t to th (i at |1 ! ith slope O will be given b !
enx=1y= T 2153 2 using (i)) .". The tangent to the curve (i) a , 5 | with slope 0 will be given by y — - =
1
O(x—1),or2y—1=0,0ry= 3
22
Find points on the curve 3—'_ 6= 1 at which the tangents are

(i) parallel to x-axis

(ii) parallel to y-axis.

SOLUTION

2 2

We have, —+2— — 1 (1)
eave,9 T

Differentiating (1) w.r.t MELLIY PACAA DEPINE LN
ifferentiating (1) w.r.t. x, we ge 3—'_% ya = ﬁga_ 5
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14.

dy 16x
1)
dx Oy
. . dy 16x
(i) For tangents parallel to x-axis, we must have e 0= i 0=x=0
X y
232
When x = 0, then from (1), 6—’_%: 1 :>y2 =16=>y=+44
.. The points on (1) at which the tangents are parallel to x-axis are (0,4) and (0, —4) . (ii) For tangents parallel to y-axis, we must
dx
have — =0
ave dy
9y
=>-——=0=y=0
16x Y
2 02
When y = 0, then from (1), AT l=>x>=9=x=43

.. The points on (1) at which the tangents are parallel to y-axis are(3, 0) and (—3,0) .

Find the equations of the tangent and normal to the given curves at the indicated points: (i) y = K =6 +13x> —10x+5 at (0,5)
(i) y=x*—d+13x* = 10x+5at (1, 3)

(i) y = x> at (1,1)

(iv) y = x* at (0,0)

. V4
(V) x =cost,y =sint att = T

(i) We have, y = x* — 6x> + 13> — 10x+5
. .. dy 3 2 . . dy
(1) Differentiating (1) w.r.t. x, we get o 4x> — 18x" 4 26x — 10 .". Slope of tangent at (0,5) is T =-10
X %/ 05)
So, equation of the tangent to (1) at (0,5)isy—5= =10(x—0),0r 10x+y—5=0

-1 —1 1
Again, the slope of normal at (0,5) = S ol = 10" 10
ope of tangent - —

1
So, equation of the normal to (1) at (0,5) isy—5 = I—O(x—O) ,orx—10y+50=0

(ii) We have, y = x* — 6x> 4+ 13x* — 10x+ 5 (1)

dy

d
Differentiating (1) w.r.t. x; we getd—y = 4x> — 18x% +26x— 10 .*. Slope of tangent at (1, 3) is (d
X X

> —4—18+426—10=2
(1.3)

So, equation of the tangent to (1) at (1, 3)isy—3=2(x—1)or2x—y+1=0

—1 —1
Again, the slope of normal at (1, 3) = Slope of tangent =5

1
Hence, the equation of the normal to (1) at (1, 3) isy—3 = —E(x— 1),orx+2y—7=0(1)

(iii) We have, y = x> (1)

d
Differentiating (1) w.r.t. x, we get d—y = 3x?
X
d
So, slope of the tangent to (1) at (1, 1) is (dy> =3(1)? =3 .". The equation of the tangent to (1) at (1, 1)isy—1=3(x—1)
x
(1,1)

-1 -1
or 3x —y—2 = 0 Again, the slope of normal at (1, 1) = Slone of tansent ~ 3
ope of tangen

1
Hence, the equation of the normal to(1) at (1,1)isy—1= —g(x— Dorx+3y—4=0
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15.

d
(iv) The given curve is y = (1) Differentiating (1) w.r.t. x, we get d—y =2x
X

d
The slope of the tangent to (1) at (0,0) = (di)c) =2x0=0
(0,0)

So , the equation of the tangent to (1) at (0,0)isy—0=0(x—0)ory=0
1

<dy>
dx
(0,0)
dy
y(dx) =—x=y0)=—x=x=0
(0,0)

Alternately, tangent at (0,0) is parallel to x-axis, therefore, normal to (1) at (0,0)is parallel to y-axis and its equation is x = 0. (
Line through (0,0) and parallel to y-axis is x = 0)

The equation of the normal line to (1) at (0,0) is (y —0) = — (x—0)

. dx . dy
(v) We have, x = cost, y = sint (1) = — = —sint, — = cost

dt dt
The point on the curve at ¢t = r is (cos r sin ”> or <1 1)
4 4’ 4 V2 2
(dy>
dr cost
Also, the slope of the tangent at t = = = —cott

dx —sint
dr

T
.". Slope of the tangent to (1) at r = Zis —cot(w/4)=—1.

T 1 1 2
So, the equation of the tangentto (1) atf = —isy—~—==—1|(x—— | orx+y— —=0o0rx-+ —-V2=0
q g (H 78y 3 ( \/§> y NG y

T —1 —1
Also, the slope of the normal to (1) att = — 1

4 % Slope of tangent T

T 1 1
.". The equation of the normal to (1) att = —isy——==1|x—— | orx—y=0
q Q) R ( ﬁ) y
. Find the equation of the tangent line to the curve y = x> —2x+ 7, which is
(a) parallel to the line 2x=y+9 =0

(b) perpendicular to the line 5y — 15x = 13.
SOLUTION
dy

We have, y = 2 —2x+7 (i) Differentiating (i) w.r.t. x, we get T =2x—2
x

(a) The slope of the tangent to the curve (i) is 2x — 2 Slope of line 2x+y —9 = 0 is 2 Since the tangent is parallel to the line
2x4+y—9 =0, .. Their slopes are equal = 2x —2 = 2 = x = 2 Putting x = 2in (i),we gety = 7.

.. The equation of tangent at (2,7) parallel to 2x+y—9=0is (y —7) =2(x—2)=y—-T=2x—4=2x—y+3=0

(b) Slope of tangent to curve (i) is 2x — 2 Slope of line 5y — 15x =13 1is 3

Since the required tangent is perpendicular to the line 5y — 15x = 13 .-, Product of their slopes is —1 = (2x—2)(3) = -1 =
5
bx—6=—-1=6bx=5=>x= 3
putting x — Sin () L2
utting x = = in (i), we gety = —

-1
Also, slope of the required tangent = 3
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16.

17.

18.

19.

20.

*. The equation of tangent at (-,

17 217 1 5
¢ 36 ——) perpendicular to 5y — 15x = 13 is (y— 36) —3 <x— 6) = 12x+36y—227 =0

Show that the tangents to the curve y = 7x> + 11 at the points where x = 2 and x = —2 are parallel.

We have, y = 7x> 4+ 11 (i)

d
Differentiating (i) w.r.t. x, we get d—y =7-(3x%)+0=21x"
x

d d
.. Slope of tangent at x = 2 is <dy> = 21(2)? = 84 and slope of tangent at x = —2 is <dy> =21(-2)>=84
X X
x=2 x=—2

Hence, the slopes of tangents at x = 2 and x = —2 are equal. Therefore, these tangents are parallel.

Find the points on the curve y = x> at which the slope of the tangent is equal to the y-coordinate of the point.

We have, y = x 6))
d
Differentiating (i), w.r.t. x , we get d—y = 3x? Since, it is given that slope is equal to the y—coordinate of the point
b

d
d—i—y:>3x = y (using (i) = 32> = x° = ¥* (3—x)=0=x=0orx =23 (using ()

When x = 0, then from (i)y = 0 When x = 3, then from (i), y = 3° = 27 ., The required points are (0,0) and (3, 27).

For the curvey = 4x> — 2x°, find all the points at which the tangent passes through the origin.

Let (x1,y1) be the required point on the given curve y = 4x> — 2x° (i) ", y; = 4x, 3 _2x)

. L. . dy 5 4
Differentiating (i) w. r. t. x, we get e 12x~ — 10x
X

d
So, <dy> = 12x;2 — 10x;* . The equation of the tangent at (x{,y;) is y —y; = (12x7 — 10x;*)(x —x1)
x
(x1y1)

Since, it passes through the origin,

S 0—y = (12x% — 10x14)(0—x1) or y; = 12x% — le? (iii)

From (ii) and (iii), 4%, — 2x] = 12x] — 10x;° = —8x] +8x] =0 = 8x}(—1+x) =0 = x; = 0,x; = +1
When x; = 0, then from(ii),y; = 0 When x; = 1, then from(ii),y; =4(1) —2(1) =2

When x; = —1, then from(ii),y; = 4(—1)3 —2(—=1)° = =442 = -2

Hence, the required points are(0,0), (1,2)and(—1, —2)

. Find the points on the curve x> + y*> — 2x — 3 = 0 at which the tangents are parallel to the x— axis.

x2+y2—2x—3 =0(@)
dy 2(1-x) 1-x

dy
Differentiating (i) w. r.t. x, we get 2x + 2y— —2-0=0=—
dx dx 2y

(ii)
. dy 1—x
For tangents parallel to x-axis, we must have e 0= —=0=x=1,y#0
X
Substituting x = 1 in (i), we get 1°+y* —2.1-3=0=)y’—4=0=y=+2
Hence, the required points are (1,2) and (1,—2).

Find the equation of the normal at the point (amz, am3) for the curve ay2 =x.

We have, ay> = x> (i)
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21.

22.

23.

, dy 3x?

d
Differentiating (i) w. r.t. x, we get a(Zy)—y =3x> = —= —— . Slope of tangent at (am*, am?)
dx dx 2ay
dy 3(am2)2 3 . . 1 2
== = = —m = Slope of normal at the given point= ——= ——
dx 2a(am3) 2 3 3m
(amQ,am3) —m
2
2
Hence the equation of normal at the given point is (y —am’) = 3 (x—am?) or 3my — 3am* = —2x+2am? or 2x + 3my —
m

3am* —2am* =0

Find the equation of the normals to the curve y = x> 4 2x -+ 6 which are parallel to the line x + 14y 44 = 0.

We have y = X +2x+6 (1)
The given line is 14y +x+4 = 0 (ii)

1
The slope of line (ii) is 1

d
Differentiating (i) w.r.t. x, we get d—y =3x’+2
X

Let P(x1, y1) be a point on (i). .. The slope of tangent at P(x;,y;) to (i) is

dy 5
(dx) = 3x1 +2
(*x1y1)

1
= The slope of normal at P(x{,y;) to (i) is ————=
p (x1,y1) to (i) 3242
. . o 1 1 2 2 2
Since normal at P(x1,y;) to (i) is parallel to the line (ii), we get — — =23 +2=14=3"=2=x=4=>x =

342 14
+2

As P(x1,y1) lies on the curve (i) , we get y; =x1° +2x; +6and'so when x; =2,y; =2°+2-2+6 =18 and when x| = —2,y; =
(=2 +2-(=2)+6=—6

Thus, there are two points (2, 18) and (—2, —6) on (i) at which the normals are parallel to (ii).

Therefore, the equations of the required normals are y — 18 = — ﬁ(x —2)and

1
y+6= —ﬁ(x—i—Z) or, 14y —252=—x+2and 14y+84 = —x—2 or, x+ 14y — 254 = Oand x + 14y + 86 =0

Find the equations of the tangent and normal to the parabola y* = 4ax at the point (atz, 2at)

We have, y2 = 4ax (1)

. e dy dy 2a
Differentiating (i) w.r.t. x, we get 2yd— =4da = oy .. Slope of the tangent at
x x

dy 2a 1

2 .

t<, 2at — =—=-

(at”, 2at) is <dx> 2at t
(at? 2at)

1
Hence, the equation of the tangent to (i) at (ar?, 2at) is y — 2at = ;(x —ar*) orx—ty+ar* =0

—1
Slope of tangent -

Slope of normal at (ar?,2at) is
. The equation of the normal to (i) at (ar, 2at) is y — 2at = —t(x —at?) or tx+y — 2at —at®> = 0

Prove that the curves x = y>and xy = k cut at right angles, if 8k* = 1.

We have, x = y2 (1) and xy = k (ii)
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24.

25.

Solving (i) &(ii), we get y°> = k = y = k'/> Substituting this value of y in (i), we get x = (k!/3)2 = k*/3 (i) and (ii) intersect at

the point (k*/3, k'/3) .

. L dy dy 1
Differentiating (i) w.r.t. x, we get | =2y—= —= —
dx dx 2y

k
(iii) From (ii), y = -

Slope of tangent to (i) at (k*/3, k'/3) = o
X

ko 1
(k2/3)2 B _k'7

d k
Differentiating (ii) wr.t.x, we get il =—=. Slope of tangent to (ii) at (kz/ 3, K/ 3) =— @iv)
X

dx

The two curves cut at right angles (i.e., orthogonally) at (kz/ 3 K/ 3) , if product of slopes of their tangents = —1

1 1 ’
— —_—— - — f— /3 pu— 2
:><2k1/3>< k1/3> 1=1=2k""=1=8k".
2 2

Find the equations of the tangent and normal to the hyperbola — — ok 1 at the point (xg,y0)-
a

2 42
We have, A ps 1@)

dy

e uw Do dy b . ([ dy
Differentiating (i) w.r.t. x, we get PR =0= T =—- (ii) .. Slope of tangent, to (i) at (xo,yo) is T
a x a’y x

(x0,Y0)

b*x
Hence, the equation of the tangent to (i) at (xo,yo) is y —yo = To(x —Xxp) = a*yo (y—yo) = b*xo (x—x0p)
azyo

2 2
2 2 _ 422 292 X0 Yo _ Xp Yo
:>bxx0—ayyo—bxo—ay0:>a—2—b72_afz_bf2

[Dividing by a*b*] As (x0,¥0) lies on (i), ;Cé— Zé =1
Hence the equation of the tangent is @ — @ =1.
a b
Slope of the normal at (xg,yo) = Siope o_fiangent =— ZZZ
.. The equation of the normal at (xo,y0)y —yo = Ziij(o)(x —Xxp) = ya;y);o =— (xb;x):))

Y—=Yo X—Xo
ayo  bxo

0.

Find the equation of the tangent to the curve y = v/3x — 2 which is parallel to the line 4x —2y+5 = 0.

We have, y = V3x—2 (i) and 4x — 2y+5 =0 (ii) Slope of the line (ii) is 2
3
2\3x -2
dy

Let (x1,y;) be the point on (i) at which tangent is parallel to (ii), then <d> =Slope of line (ii)
x
(x1>1)

. dy
From (1),d— =
x

3
- —23-4,/3x,-2
273x =2 !

=3 2= 3 2:> —41
S W1 BT

41 123-96 27 |9 3
Also, (x1,y1) lies in (i), therefore, y; = 1/3x] —2 = \/3x48—2. = \/48_ B V16" 1
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41 3
.. The point on (i) at which tangent is parallel to (ii) is (48’ 4> .

3 41
.". Required equation of tangent is y — i 2 ( — 48) or48x —24y—23=0

Choose the correct answer in Exercises 26 and 27.

26. The slope of the normal to the curve y = 2x*> + 3sinx at x = 0 is
(A)3

.
()5
() -3

D 1
(D) =3

d
(D) : We have, y = 2x% +3sinx (i) = d—y =4x+3cosx
X
. . [dy
Slope of the tangent to (i) at x = 0 is T =4-0+3cos0=3
x x=0
-1 1

So, slope of th lto (i) atx =01 -3
0, slope of the normal to (i) at x = 0'is Slope of the tangent 3

27. The line y = x+ 1 is a tangent to the curve y2 = 4x at the point
(A) (1, 2)
®)(2,1)
©) (1, -2)
D) (-1,2)

(A): We have, y* —4x = 0 (i)
: . o dy dy
Slope of the line y =x+ 1 is 1. From (i), 2y—=4 = — =
dx dx 2y 'y
a2
= Slope of tangent to (i)is 5
2
S &—=1=y=2
y

When y = 2, then from (1)2> =4x=x=1 . The required point on the curve (i) is (1, 2).
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