Application of Derivatives

[ NCERT - Exercise 6.2

1. Show that the function given by f(x) = 3x+ 17 is strictly increasing on R.

SOLUTION

We have, f(x) =3x-+ 17 (i) f(x) being a polynomial function, is continuous and derivable on R.

Differentiating (i), w.r.t. x, we get f(x) =3 > OVx € R = f is strictly increasing on R.

2. Show that the function given by f (x) = e* is strictly increasing on R.

We have, f(x) = > (i) f(x) being an exponential function, is continuous and derivable on R.

Differentiating (i) w.r.t. x, we get f(x) = -2 =2P > 0 for all x € R = f is strictly increasing on R.

3. Show that the function given by f (x) = sinx is

T
(a) strictly increasing in (0, 2)

T
(b) strictly decreasing in (2, 77:>

(¢) neither increasing nor decreasing in (0, )
SOLUTION
We have, f(x) = sinx (i) which is continuous and derivable on R

Differentiating (i) w.r.t. x, we get f'(x) = cosx

T T
(a) Forall x € (O, 2) ,cosx > 0= f’(x) > 0 Therefore, f(x) = sinx is strictly increasing on (07 2) .

T T
(b) For all x € <2, 7t> ,co8x < 0= fI(x) < Otherefore f(x) = sinx is strictly decreasing on (2, 7'E> .

(c) From parts (a) and (b), we conclude that f (x) = sinx is neither increasing nor decreasing on (0, 7) .

4. Find the intervals in which the function f given by f(x) = 2x? — 3x is (a) strictly increasing (b) strictly decreasing
We have, f(x) =d —3x (i) f(x) is a polynomial function. Hence, f(x) is continuous and derivable on R.
Differentiating (i) w.r.t. x, we get f(x) = 4x — 3.

3 3
(a) For strictly increasing, f'(x) >0=4x—3>0= x> 1 .. f is strictly increasing on (4, oo)

3 3
(b) For strictly decreasing f/(x) <0=4x—-3<0=x< 1 .. f is strictly decreasing on <—oo, 4)

5. Find the intervals in which the function f given by f(x) = 263 —3x —36x+7is
(a) strictly increasing

(b) strictly decreasing

We have, f(x) = 2x> —3x> —36x+7 (i) f(x) is a polynomial function. Hence, f (x) is continuous and derivable on R. Differenti-
ating (i) w.r.t. x, we get f(x) = 6x> — 6x — 36 = 6(x* —x — 6) = 6(x — 3)(x +2)

(a) For increasing, f'(x) >0=-6 (x—3)(x+2) >0
=(x=3)(x—(-2))>0=>x< —2o0rx>3. =>x€ (oo, —2)U(3, o) .". f is strictly increasing on (—oo, —2)U (3, 0)
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(b) For decreasing, f'(x) <0 =6 (x—3)(x+2) <0

= @x=3)(x—(-2)<0=x<3,x>-2

= -2<x<3=>x€(-2,3)

.. f is strictly decreasing on (—2,3)

. Find the intervals in which the following functions are strictly increasing or decreasing:
(@x>+2x—5

(b) 10 — 6x — 2x?

(c) =2x° —9x* — 12x+1

(d) 6 —9x — x*

© (x+1)*(x—3)°

(a) We have, f(x) = x> +2x—5 (i) f(x) being a polynomial, is continuous and derivable on sR.
Differentiating (i), w.r.t. x, we get, f'(x) = 2x+2 For increasing, f'(x) > 0=2x+2>0=x> —1
For decreasing, f'(x) <0 = 2x+2 < 0=-x < —1 .. f(x) is strictly increasing for x > —1.

f(x) is strictly decreasing for x < —1.

(b) We have, f(x) = 10— 6x — 2x” (i)
f(x) being a polynomial, is continuous and derivable on R
Differentiating (i) w.r.t. x, we get f(x) =0—6—2(2x) = —6 —4x

3 3
For increasing, f(x) >0= —-6—4x>0= —4x>6=x< 5= XE (— ,2>

3
. f(x) is strictly increasing if x < —3

3 3
For decreasing, f(x) <0=—-6—4x< 0= —4x < 6='x> —§:>xe <—2,<>o>

3
= f(x) is strictly decreasing if x > ~5

(c) We have, f(x) = —2x> —9x> —12x+ 1 (i) f (x) being a polynomial, is continuous and derivable on R

Differentiating (i) w.r.t. x, we get f(x) = —2(3x%) —9(2x) — 12 = —6x% — 18x — 12 = —6(x* + 3x+2) = —6(x+ 1)(x +2)

For critical points, putting f'(x) =0 = —6(x+1) (x+2) =0=x=—1,x= -2

The points x = —1, —2 divide the real line into following disjoint intervals (—oo, —2),(—2, —1) and (—1, o) Interval Sign of
fr(x)=—6(x+1)(x+2)

Nature of function (—eo, —2) (—ve) (—ve) (—ve) = —ve

f is strictly decreasing (—2,—1) (—ve) (—ve) (+ve) = +ve

f is strictly increasing (—1,0) (—ve) (+ve) (+ve) = —ve

f is strictly decreasing

Hence, f is strictly increasing on (—2,—1) and strictly decreasing on (—eo, —2) U (—1,0)
(d) We have, f(x) = 6 —9x—x? (i) f (x) being a polynomial, is continuous and derivable on R Differentiating (i) w.r.t. x, we get

9 9
f1(x) = =9 —2x For increasing, f/(x) >0=—-9—-2x>0=-2x>9=x< —5 =x€ (—00, —2) .. f is strictly decreasing

9
on > |-

(e) We have, f (x) = (x4 1)*(x—3)® f(x) being a polynomial, is continuous and derivable on R
Differentiating (i) w.r.t. x, we get f7(x) = (x+1)*-3(x—3)%- 1+ (x—3)* - 3(x+1)*-1
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=(x—=3)2x+1)?{B(x+1)+3(x—3)}

(x=3)*(x+ 1) {6x—6} = 6(x—3)*(x+1)* (x—1)

For critical points, putting f7(x) =0 6(x—3)*(x+1)*(x—1) =0=>x=3,x=—1,x=1

The above points divide the real line into following disjoint intervals (—eo, —1),(—1,1),(1,3) and (3, ) Interval Sign of f7(x) =
6(x—3)*(x+1)*(x—1)

Nature of function f (—oe, —1) (4ve) (+ve) (+ve) (—ve) = —ve f is strictly decreasing

(=1,1) (+ve) (+ve) (+ve) (—ve) = —ve

f is strictly decreasing (1,3) (+ve) (+ve) (+ve) (+ve) = +ve

f is strictly increasing (3,0) (4-ve) (+ve) (+ve) (+ve) = +ve

f is strictly increasing

Thus, f is strictly increasing on (1,3) U (3,e0) and strictly decreasing on (—eo, —1)U(—1,1)

2x
. Show that y =log (1 +x) — ——,x > —1, is an increasing function of x throughout its domain.

2+x
We have, y =log (1 +x) — i,x > —1(3)
24x

The domain of y is (—1,0)

d 1 d 1 24x)—x(0+1
Differentiating (i), w.r.t. x, we get o 2— ( * ) = - 2{ ( Ul )}

dx 1+x “dx\2+x 1+x (2 +x)?
1 4 (24x)7—4(1+x)
I+x 2+4x)% (1+x)(2+x)?
x2
= Vx>l
(14x) (24x)

d
Now x> > 0, (2+x)* > 0 (Being perfect squares) and (1+x) >0V x> —1 = d—y >0forall x > —1
X
Hence, y is an increasing function of x throughout its domain.

. Find the values of x for which y = [x (x —2)]% is an increasing function.

We have, y = (x(x—2))2,x€R =y= (x2—2x)2 1)

d d
Differentiating (i) w.r.t. x, we get d—y =2 (x2 —2x) pp (x2 —2x)=2 (x2 —2x) (2x—2)
X X
=4dx(x—2)(x—1)=4dx(x—1)(x—2)

d
For critical points, putting d—y =0,weget=x(x—1)(x—2)=0=x=0,1,2
x

The above points divide the real line into following disjoint intervals (—eo,0),(0,1),(1,2) and (2,)

Interval Sign of % =4dx(x—1)(x—2)

Nature of function f (—ee,0) (—ve) (—ve) (—ve) = —ve
Decreasing (0, 1) (4ve) (—ve) (—ve) = +ve

Increasing (1,2) (+ve) (+ve) (—ve) = —ve

Decreasing (2,00) (+ve) (+ve) (+ve) = +ve
Increasing

..y is an increasing function in (0, 1) U (2, )
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9.

10.

11.

12.

48in 0

Prove that y= m
0s

T
— 0 is an increasing function of 6 in lO, )

4sin 0 T dy (2+cosB)cosO —sinH(—sin6)
We have,y=——-60,0€ |0,=| = —=4 1
2+cosO 2 do (2+c056)2
~ 4(2cos0+1) = 8cosO +4— (2+cosH)> _ 4cos® —cos’8 _ cosB(4—cosB)
B (24cos0)? B (24cos 0)? B (2+cos6)? B (2+cos 0)*

T T

Now cos 6 > 0in [O, 2] ;4—cos0 >0in [0,21
2 . T . dy T
and (2+cos6)” >0in |0, > [Being a perfect square] .. 70 >0 forall 6 € |0, 5

b4
Hence, y is strictly increasing function in [0, 2]

Prove that the logarithmic function is strictly increasing on (0, o)

We have, f(x) =1logx (i) (Note that, logx is defined only for x > 0)
1

Domain of f(x) is (0, =) Now, f'(x) = —> 0 for all x € (0, )
x

= f'(x) > 0 forall x € (0, o) .-, f is strictly increasing on (0, o)

Prove that the function f given by f (x) = x? — x4+ 1 is neither strictly increasing nor strictly decreasing on (-1,1).

We have, f(x) = x> —x+1¥x € (=1,1) (i)
Differentiating (i) w.r.t. x, we get f(x) =2x—1

1
For increasing, f'(x) >0=2x—1>0=x> 5

1 1 1
For decreasing, f'(x) <0=2x—1<0=x< §:>f/(x) <Oforallxe (—1, 2) and f'(x) > 0 forall x € (2, 1)

Hence, f is neither increasing nor decreasing on (—1,1)

T
Which of the following functions are strictly decreasing on (0, 2) ? (A) cosx (B) cos2x (C) cos3x (D) tanx

Let us see each option one-by-one.

T
(A) Let f(x) = cosx, then f/(x) = —sinx < 0 for all x € (O, 2)

T
= f is strictly decreasing on (O, 2)

T
(B) Let f(x) = cos2x, then f'(x) = —2sin2x < O forall x € (0, 2) (in (0, ) = sin2x > 01in (0,7/2)) = f is strictly decreasing
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13.

14.

15.

16.

V4 T 3r
(C) Letf(x) = cos3x, then f'(x) = —3sin3x, which assumes +ve as well as —ve values in <07 2) . [ifO <x< 5 =>0<3x< > = sin3x >

T
in <0, 3) and sin3x < 0 in
T T L . . . T
(3, 2)] .". f is neither increasing nor decreasing on (0, 2)

T T
(D) Let f(x) = tanx, then f’(x) = sec’x > 0 for all x € (0, 2) = f is strictly increasing on <0, 2)

On which of the following intervals is the function f given by f(x) = x'% 4 sinx — 1 strictly decreasing?
(A) (0,1)

( ) 27
C 0 -
( ) ) 2

(D) None of these

(D) We have, f(x) = x'% 4 sinx — 1 (i) Differentiating (i) w.r.t. x, we get f'(x) = 100x°° + cosx

T
(A f'(x) assumes only +ve values in (0,1) .. f is strictly increasing in (0,1) (B) f’(x) > 0 for all x € (2, 7r>, therefore f is

T
strictly increasing in x € (2, 77:)

T T
(©) f'(x) >0forall x € (0, 2) , therefore f is strictly increasing in (O, 2) .

Find the least value of a such that the function f given by f(x) = X 4ax+11is strictly increasing on (1, 2).

We have, f(x) =x* +nx+1 () =>f (x) =2+alfl <x<2=2<2x<4=>24+a<2x+a<dt+a=2+a<f(x)<d+a
Now, f(x) is strictly increasing on (1, 2) only if f'(x) >0
=2+4a>0=-a > —2 . Required least value of a is —2.

1
Let I be any interval disjoint from (—1,1). Prove that the function f given by f(x) = x+ — is strictly increasing on .
X

1
We have, f(x) =x+ —,x €1 (i)
X

1 x—1
Differentiating (i) w.r.t. x, we get f/(x) =1 — 5=

x X
Asx*>0andin ,x> —1>0=x>1=x<—-lorx>1=x€ (-0, —1)orxe (I, o) =xe (-0, —1)U(l, ) =x¢c
R —(—1,1)f(x) is strictly increasing on I [I is an interval which is a subset of R — (—1,1)]

T T
Prove that the function f given by f (x) = logsinx is strictly increasing on <O, 2) and strictly decreasing on (2, n) .

We have, f(x) = log(sinx) (i)
1

Differentiating (i) w.r.t. x, we get f'(x) = ——(cosx) = cotx
sinx
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T T
As cotx > O forall x € (O, 2) and cotx < 0 for all x € (2, 71')

SIS

n
therefore, f(x) is strictly increasing on <O, 2) and strictly decreasing on (

(TR}

17. Prove that the function f given by f (x) = logcosx is strictly decreasing on (O,

T
> and strictly increasing on (2, 7r>
SOLUTION

1
We have, f(x) = log(cosx) (i) Differentiating (i) wr.t. x, we get f'(x) = K(— sinx) = —tanx
sX

T T
Astanx > 0, —tanx < 0 for all x € (0, 2) and tanx < 0 = —tanx > O for all x € (2, n)

T b2
Therefore, f(x) <0 forall x € (0, 2) and f(x) >0 forallx € (2, 7'[) .
. . . T . . . T
Hence, f(x) is strictly decreasing on <O, 2) and strictly increasing on (2, 7r>

18. Prove that the function given by f(x) = x° —3x* 4 3x — 100 is increasing in R.

We have, f(x) = = 3x +3x—100 (i)

Differentiating (i) w.r.t. x, we get f/(x) = 3x> —6x+3 = 3(x* < 2x+ 1)=3(x—1)> >0 forallx € R
[3>0,(x— 1)2 > 0 (being perfect square)]

= f(x) > 0= f(x) is increasing on R

19. The interval in which y = e ¥ is increasing, is

(A) (—oo,00)
(B) (—2,0)
(©) (2,%)
(D) (0,2)

(D) We have, y = x*¢ " (i)

d
Differentiating (i) w.r.t. x, we get d—y =xPe ¥ (—1)+e ¥ (2x) =xe *(—x+2) =x(2—x)e*
X

d
For critical points, putting d—y =0=x2—-x)e*=0=>x=0,x=2
X

The above points divide the real line into following disjoint intervals (—eo, 0),(0,2), (2, o)

Interval Sign of 4 _ =x(2—x)e”
dx
Nature of function y (—,0) (—ve) (+ve) (+ve) = —ve
Decreasing (0,2) (+ve) (+ve) (+ve) = +ve
Increasing (2,00) (+ve) (—ve) (+ve) =
Decreasing

Thus, y is increasing function on (0,2)
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