Relations & Functions

[ NCERT - Exercise - 1.4

1. Determine whether or not each of the definition of * given below gives a binary operation. In the event that * is not a binary
operation, give justification for this.

(1) Or Z+, define * by ax b= a—b

(i1) On Z+, define * by ax b = ab

(iii) On R, define x by a x b = ab?
(iv) On Z+, define « by a x b = |a — b|
(v) On Z+, define xbyaxb=a

(i) Z+=1{1,2,3,...}, wehaveax b=a—b
Leta=1,b=3=ax6=1-3=-2¢Z+

Hence, the operation * is not a binary operation on Z+.

(i) Z+={1,2,3,}, we have a x b = ab
leta=2,6=4=axb=2x%x4=8¢cZ+

Hence, the operation * is a binary operation on Z+.

(iii) R (set of real numbers), we have a x b = ab?
Leta=5.2,b=3= axb=75.2(3)2 =46.8 €R

Hence, the operation * is a binary operation on R.

(iv) Z+ ={1,2,3,....}, we have a x b = |a — b|
Leta=3,b=7=axb=13-7l=|—7| =4 € Z" Hence, the operation * is a binary operation on Z+.

(v)Z+={1,2,3,...},wehaveaxb=a
Leta=5,b=7 = axb=5¢ 27"

Hence, the operation * is a binary operation on'Z "

2. For each operation xdefined below, determine whether * is binary, commutative or associative.
(i)OnZ,defineaxb=a—b
(i1) On Q, define axb= ab +1

b
(i) On Q, define a % b = %

(iv) On Z+, define ax b= 2ab
(v) On Z+, define axb= ab

(vi) On R—{—1}; define a b:bi

+1
SOLUTION

i)axb=a—bonZ

For commutativity
axb=a—bandbxa=b—a=—(a—b)Faxb
=axb#*bxa

For associativity
ax(bxc)=ax(b—-c)=a—(b—c)=(@—-b+c)
And(axb)xc=(a—b)xc=a—b—rc.
sax(bxc)£(axb)*c

Thus, the operation * is neither commutative nor associative.
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(ii)axb=ab+10onQ

For commutativity
axb=ab+landbxa=ba+1=ab+1l.axb=b=xa
For associativity
ax(bxc)=ax(bc+1)=a(bc+1)+1=abc+a+1
And, (axb)xc=(b+1)xc=(ab+1)c+l =abc+c+1
cax(bxc)#(axb)xc

Thus, the operation * is commutative but not associative.

. ab
(iii) ax b= Eon Q
For commutativity

b_ab db _ba_ab
ax —jan *3—3—7

s.axb=Db=xa

For associativity

b be abc/2  abc
%k k = axk _— = = —
ax (bxc)=a 5 n

2
d by e — ab _ [abc/2\  abc
and, (ax b)x ¢ = 5 x(c) = 5 =

sax(xc)y=(axb)*xc

Thus, the operation * is commutative and also associative,

(iv) a * b = 2ab, on Z+
For commutativity
axb=2abandbxa=2ba=2ab. .axb=b=xa

For associativity
ax (bx c)=ax(2bc ):(2)”'2bcand (axb)xc=(2ab) *xc= P2xe
ax(bxc)#(axb)xc

Hence, the operation * is commutative but not associative.

(v)axb=ahonZ"
For commutativity
axb=ahandbxa=ba. ".axb#bxa

For associativity
ax (b x c)="ax (bc )= (a)bcand (a * b) x c= (ab) * ¢ = (ab)c= abc
Thus, ax*x (bxc)# (axb)*xc

Hence, the operation * is neither commutative nor associative.

a
i b= R—{-1
(vi) a * 1" {-1}

For commutativity

b
ax b= a andbxa= ——_ . axb#bxa
a a+1

+1

For associativity

ax(bxc) :a*<

b\ a  alc+l)
c+1) b 1_b+c+1

c+1
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a
a b+1 a
d b = = =
and (axb)*c <b+1>*c 1 Dt

sax(bxc)F(axb)xc

Hence, the operation * is neither commutative nor associative.

. Consider the binary operation () on the set {1,2,3,4,5} defined by a” = min{a,b}. Write the operation table of the operation A.

SOLUTION
Let A = {1,2,3,4,5}

a” = minimum of a and b

. Consider a binary operation * on the set {1,2,3,4,5} given by the following multiplication table.

N BN = *
e ) B e e
— | DN = D] = N
e e BN Y s S
— ] =N =
N b | [ [ [ €

(1) Compute (2 x 3) x4 and 2 % (3 x 4).

(i1) Is * commutative ?

(iii) Compute (2 * 3) * (4 * 5).

(Hint : use the following table)
(i)2+*3=1and3x4=1

Now, 2*x3)*4=1*x4=1and2*Bx4)=2x1=1

(i)2*«3=1and3+x2=1..2%3=3%2

Hence, the operation is commutative.
(i) 2*3)*«@=*5)=1x1=1.

. Let x be binary operation on the set {1,2,3,4,5} defined by a ** b = H.C.F. of a and b. Is the operation *’ same as the operation
* defined in Q. 4 above? Justify your answer.

SOLUTION
Let A ={1,2,3,4,5}
ax’ b = HCF of a and b is given by

We observe that the operation *’ is the same as the operation * in Q. 4.

. Let x be the binary operation on N given by ax b= L.C.M. of a and b. Find
(1)5%7,20% 16

(i1) Is * commutative ?

(iii) Is x associative ?

(iv) Find the identity of * in N

(v) Which elements of N are invertible for the operation * ?

axb=L.CM.ofaandb.
i)5«7=L.CM.of 5and 7 =35
20 % 16 = L.C.M. of 20 and 16 = 80

(ii)axb=L.CM.ofaandb=L.C.M.ofbanda=D>b x*a.

Thus, operation * is commutative.
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(iii)a *x (bxc) =a* (L.C.M. of band c)

= L.C.M. of (a and (L.C.M. of b and c))
=L.CM.ofa,bandc.

Similarly, (a * b) *x ¢ = (L.C.M. of aand b) * c

=L.C.M. of (L.C.M. of aand b) and c) = L.C.M. of a, band ¢
Thus,ax (bxc)=(axb)x*xc

Hence, the operation * is associative.

(iv) Identity of * in N = 1 because, a * 1
=LCM.ofaand1 =1

1
(v) Only the element 1 in N is invertible for the operation * because 1 % 1= 1.

. Is % defined on the set {1,2,3,4,5} by a * b=L.C.M. of a and b a binary operation? Justify your answer.

Let A=1{1,2,3,4,5} anda*xb=L.CM.of aandb.
2%x3=L.CM.of2and 3 =06¢A
Hence, the operation * is not a binary operation.

. Let * be the binary operation on N defined by a *x b = H.C.F. of a and b. Is % commutative? Is * associative? Does there exist
identity for this binary operation on N ?

SOLUTION
Commutativity
axb=HCF ofaandb=H.CF. ofbanda=b=x*a

Thus, operation * is commutative.

Associativity

(axb)*c=(H.CF ofaandb) *xc

= H.C.F. of [H.C.F. of aand b) and c] = H.C.F. a,band c
ax(bxc)=ax[H.CF of band c]

= H.C.F. of [aand (H.C.F. of b andc)] =H.C.F. of [a, b and c]
= (a* b) x c = a x (b % c¢). Thus, operation * is associative.
Identity

Now,lxa=ax*x1#a

There does not exist any identity element.

. Let * be a binary operation on the set Q of rational numbers as follows:
i)axb=a-b
(i) a x b =a>+b?
(iii)a*x b=-a+ ab
(iv)yaxb= (a—h)2
ab

(v)a*b:Z

(vi) a x b = ab?
Find which of the binary operations are commutative and which are associative.

(1) For commutativity :
axb=a-b=—(b—a)=—Db=xa

Thus, the operation * is not commutative.
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For associativity :
(axb)xc=(a—b)*c=(a—b)—c=a—b—c
And, ax(bxc)=ax(b—c)=a—(b—c)=a—Db + c .. (axb)xc£ax(bxc)

Thus, the operation * is not associative.

(i1) For commutativity

axb—a’+b>=b*+a*=bxa Thus, the operation * is commutative.
For associativity

(@axb)sxc=(a*+b*)xc= (> +b*)+?

and a * (b * ¢) = a *(b* +c?) =a® + (b* + )

Thus, (axb)xc#ax(bxc)

Hence, the operation * is not associative.

(iii) For commutativity
axb=a+ab=a(l+b)andb*xa=b+ba=D>b(l+a)
caxb#£bxa

Thus, the operation * is not commutative. For associativity
(axb)xc=(a+ab)xc=(a+ab)+ (a+ab)
andax(bxc)=ax*(b+bc)=a+a(b+Dbc)
s(axb)yxc#ax(bxc)

Hence, the operation * is not associative.

(iv) For commutativity a * b = (a fb)z =( fa)z =b=xa.
Thus, the operation * is commutative.

For associativity

ax(bxc)=ax (b—c)2 =[a— (b —0)2}2

and (axb)xc=(a—b)? *c=|(a-b)*—c]?
sax(bxc)F(axb)xc

Hence, the operation * is not associative.

(v) For commutativity

b_ab_ba_b
ak =14 xa

Thus, the operation * is commutative.

For associativity-a (b * ¢) = ax —=

bc
bc e _ abc
4

4 16
ab
d (a #b) _ab _Z'C_abc
and (a * *0_4*0— T =16

c.ax/(b*c) = (ax*xDb)xc Thus, the operation * is associative.

(vi) For commutativity

axb=ab*and b x a = ba®

saxb#bxa

Thus, the operation * is not commutative.
For associativity
ax(bxc)=ax(bc?)=a(bc*)* =ab2c4
and (ax b) * ¢ = (ab?)* ¢ = (ab®)c* = ab?c?
cax(bxc)#(axb)xc

Thus, the operation * is not associative.
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10. Find which of the operations given above has identity.
() If e is an identity element, then
axe=a=exaVaeQ
= a-e=e—a=VYa€eQ=a—e=aande —a=a
= e=0ande=2aVaeQ

Which is not possible. Hence, identity element does not exist,

(ii) If e is an identity element, then
axe=a=erxaVacQ=a’+e?=e*+d®> =aVacQ.

=e=Va—a’VaecQ

Which is not possible. Hence, identity element does not exist,

(iil) If e is an identity element, then
axe=a=ex Va € Q
=a+ae=e+ae=aVaeQ.

= a+ac—aande+ac—=a
a

I+a
Which is not possible. Hence, identity element does not exist,

=e=0ande =

YaeQ

(iv) If e is an identity element, then

axe= a=ex a Va € Q

= (a-e)’=(e—a)*>=aVac Q.= (a—e)’ =aand (e—a)’ =a
=a—e=+aande —a=+\a=e=a++aande=a++/aVacQ

Which is not possible. Hence, there is no identity element.

(v) If e is an identity element, then
axe=a=exaVacQ.

ae_ea_ v
ﬁz—z—a CleQ

So, 4 is the identity element.

2

(vi) If e an identity element, then ax e= a=e x aVa € Q. = e =ea*=a.=ae’ =aanded® =a

1
= e=*+lande = —
a

Which is not possible. Hence, identity element does not exist.

11. Let A=N x N and * be the binary operation on A defined by (a, b) * (c,d)=(a+c,b+d)
Show that * is commutative and associative. Find the identity element for * on A, if any.
A = N x'N and * is a binary operation defined on A.
For commutativity
(a,b)x(c,d)=(@+c,b+d)=(c+a,d+b)=(c,d)*(a,b)

The operation * is commutative.

For associativity

[(a,b) x (c,d)]x (e, f)=(a+c,b+d)x(ef)=(a+c+e,b+d+T1)
Also, (a,b) * [(c,d)*x (e, f)] =(a,b) x (c +e,d + 1)
=(a+c+e,b+d+f)

“[(a,b)x (c, d)] = (e, ) = (a, b) x [(c, d) * (e, )]
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Hence, the operation x* is associative.

For identity

Let identity function be (e, f) .. (a, b) x (e, f ) = (a, b)
(a+e,b+f)=(@,b)=a+e=a,b+f=D>
=e=0,{=0.But,0¢ N

Hence, identity element does not exist.

12. State whether the following statements are true or false. Justify.

(1) For an arbitrary binary operation x onaset N,axa=aVa € Q

(ii) If * is a commutative binary operation on N, then ax (b* c)= (c * b)* a
(i) False. A binary operation on N is defined as :

axa=aVae€ Q. For example, a x b=a+ b Va,b € O, then
axa=a+a=2aa.

Here '+’ is not defined.

(>ii) True
a x(b xc)=(b *c)*a =(c * b) *a. (b *c=c* b is commutative)
13. Consider a binary operation * on N defined as a * b = a® +b°. Choose the correct answer.
(A) Is * both associative and commutative?
(B) Is * commutative but not associative?
(C) Is * associative but not commutative?

(D) Is * neither commutative nor associative?

(B) For commutative
axb=a’+b>=b+a> =bxa. - *isacommutative operation.
For associative : a % (b c)=a (b’ +c)=d’ + (b* +)°

and (a x b) *c:(a3+b3)*c: (613—1—193)34—03 .= ax*x(bx*c)#(axb)xc. *isnot associative.
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