Relations & Functions

[ NCERT - Exercise - 1.3

L Let f:{1,3, 4} — {1, 2, S} and g: {1, 2, 5} — {1, 3] be given by £ = {(1, 2), (3, 5), (4, 1)} and g = {(1, 3), (2, 3), (5. D)}.
Write down gof.

f=10.2).(3.5), 4, 1>}andg {(1,3), 2.3). 5. 1)}
Now, /(1) =2, f(3) =5. f(#) = 1 and g(1) =3, 8(2) =3, g(5) = 1 (g0/)(x) = gl ()] = g[F(1)] = £(2) =3
slr3)] = <s>=1,g[<>}—<1>=3

Hence, gof = {(1, 3), (3, 1), (4, 3)}.
2. Letf, g and h be functions from R to R. Show that (f + g)oh = foh+ goh

First, we show that (f + g)oh = foh+ goh
LHS. = (f+g)oh=(f+g)[h(x)] = f[h(x)] + g[h(x)] = foh+ goh = R.H.S. Now, we show that (f - g)oh = (foh) - (goh)
LHS. = (f-g)oh = (f-g)[h(x)] = flh(x)] - g[h(x)] = (foh) - (goh) = R.H.S.
3. Find gof and fog, if
() £() = x| and g(x) = [5v—2]
(i) f(x) = 8x> and g(x) =x'"/.
(D) f(x) = x| and g(x) = [5x—=2[ gof = g(f(x)) = 8(|x[) = (S| 2, Fog = f(g(x)) = f(I5x=2[) = || 5x =2 [|= [5x -2
(ii) f(x) = 8+ and g(x) ='/3
gof = glf(x)] = g(8x’) = (8c")'* = 2xand fog = flg(x)) = f(x'*) = 8(x'7*)* = 8x.
(4x+3)
(6x—4)

Fl) = 4x+3

L.H.S. —fof

2
4. If f(x) = X ;é —, show that fof(x) = x;for all x # 3 What is the inverse of ?

2
3
=f(f
( >+3
4x+3

—4
(6)( 4)
16x+ 12+ 18x— 12 4x
24x+ 18—24x+ 16 34

4x+3
6x—4

=x=RH.S.

4x+3
Now,y= —— = 6xy—4y =4x+3

6x—4
= 6xy—4x=4y+3=x(6y—4)=4y+3
4y+3 4x+3
Sx=_"——=y=

6y—4 7 x4
Hence, inverse of f is f.

5. State with reason whether following functions have inverse
() f:{1, 2,3, 4} = {10} with f={(1, 10), (2, 10), (3, 10), (4, 10)}

(i) g:{5,6,7, 8} = {1, 2, 3,4} with g={(5, 4), (6, 3), (7, 4), (8,2)}
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(i) h:42,3,4,5} = {7,9, 11, 13} with h={(2,7), (3,9), (4, 11), (5, 13)}

(i) A function is invertible, if it is one-one and onto.

f={{, 10), (2, 10), (3, 10), (4, 10)}
It is many-one function (see in figure(I)). Hence, f has noinverse,

(i) g = {(574)7(673)a (7a4)a (872)}

g is many-one fimction (see in figure (II)). Hence, g has noinverse.

(i) h = {(277)7 (379)7 (4711)7(5’ 13)}

h is one-one and onto function, (see in figure (II1)) Hence, h has an inverse.

x
. Show that f: [—1, 1] = R, given by f(x) = 12 is one-one. Find the inverse of the function f: [—1, 1] — Range f.
X
(Hint: For y € Range f, y=f(x)=——, f (=1, 1 29
int: For y € Range f, y= f(x) = ——=, for some x in[—1, 1],ie,x= .
Y & Y x+2 (1-y)

X X
fil=1,1] = Risgivenby f(x) = ——, x#2 Letx;, x € [-1, 1] = f(x1) = _:_
x1

x+2
fxr) = f(x2)
X1 X2
x1+2 - X +2
= 2x1 = 2x» = x1 = x». Thus, f is one-one.

= XX+ 2x1 = x1X0 +2xp

Now, f : [—1, 1] = R, be given for every y € R (co-domam of f), there exist x € [—1, 1] (domain of f) such that f(x)=y
x
=y=f(x)= 2 for some x in [—1, 1]

2y
X 2y 2y 1—y 2y
S, y= =ty =x=2y=x(l—y) =x —y f[ ] 2 . 12—y ”

-y

= f(x) is onto = f is bijective and hence invertible

=

2y
N , X = = —1 = —
oW, X V) = =

-y

. Consider f: R — R given-by f(x) = 4x+ 3. Show that f is invertible. Find the inverse of f.

SOLUTION

First, we show that f'is invertible We know that, f: R — R, f(x) =4x+3

Injectivity
Now, letxy, %2 €R. .. f(x1) =4x1+3 and f(x2) =4xy+3 For one-one, f(x1) = f(x2), 4x1+3=4x+3=x1=x2.". f(x)
is. one-one.

Surjectivity f: R — R, given for every y € R (co-domain of f) there exist

-3 -3 -3
x € R (domain of f) such that f( x) = y . y = dx+3 = x = yT Now, f <y4> —4 <y4> +3=y . f(x)=y Thus, f(x)
is onto function. Thus, f is bijective and hence invertible.
Now, we find the inverse of f. We have f(x) =y
y=3

=>x=f71()’)=T or (%)

_x—3
4
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8. Consider f :R+ — [4,00) given by f(x)= x> 4 4. Show that f is invertible with the inverse £~ of f given by f~!(y) = 1/y — 4, where
R+ is the set of all non-negative real numbers.

fiRy = [4,00) and f(x) =% +4

Injectivity
Consider x7,x2 € R
Now, f(x1) =x7 44 and f(xy) =x3 +4if f(x;) = f(x2) = 2 +4 =x3 +4 = x; = x3 (both x;,x; > 0)

= f(x)is one-one.

Surjectivity
f iRy — [4,00] be given, let y € [4,00) (co-domain of f), then there exist an element x € R . (domain of f) such that f(x) =
Now, f(x) =y =>y=x’+4=x=1/y—4
for f(x) f(Vy—4) = (Vy =4 +4=y—d+d=y= ()= Vy—dorf () =Va—4
9. Consider f: R — [—5,00) given by f(x)= 9x* + 6x — 5.

(VyF6) - 1)

Show that f is invertible with f~'(y) = < 3

f:R, — [~5,00) and f(x) = 9x’ +6x—5

Injectivity

Let x1,x2 € R — f(x1) = 9x7 +6x; — Sand f(x2) = 9x3 +6x —5
Iff(x1) = f(x2)

= x4+ 6x; —5 = 9x3 4+ 6x2 — 5 = 9xF +6x] = 93 + 61,

= 9(x? —x3) +6(x1 —x2) = 0= (x1 —x2)[9(x] +x2) +6] =0

= x; —x, =0=x; =x .. f(x) is one-one.

Surjectivity

= f:Ry —[—5,00) is given, lety y € [—5,0) (co-domain off ) then there exist an element xER+ (domain of f), such that f(x) =

) X (6)£1/(6) +4><95+y)
=y=9x"+6x—5=9x —|—6x—(5+y):0$x—

N —6+6,/1+(5+y)
X =
18
—6+6 6 6)—1 6—1
I A C R N (Ve ) S SN S (A el
18 3 3
2
Vy+6-1 Vy+6—1
=9|———| +6|—F—|-5
3 3
+6+1-2y+6
—o2 Y oy r6-1)-5

6

=y+T7=2y+6+2/y+6-2-5
= f(x)=y.= f(x)is onto.
Thus, f(x) is bijective and hence invertible.

(WVy+6)—1

Now, we show that inverse of f is 3

Wehave, f(x) :yéf_l(y) =x

7( y+36) -1 or f_l(x) =

Vx+6—1

=y = 3
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10.

11.

12.

13.

14.

Let f: X — Y be an invertible function. Show that f has unique inverse.

(Hint : suppose g; and g are two inverses of f. Then for all y € Y, fog;(y) = Iy (y) = foga(y). Use one-one ness of f).
Given f : X — Ybe invertible.

Thus, f is one-one and onto and therefore f ~ exists.

Let gjand g2 be the two inverses of f. Now for ally € Y, fogi(y) = Iy (y) = foga(y)

= fog1(y) = foga(y) = flg1(y)] = flg2(v)] = 81(v) = &2(¥)

Hence, f has a unique inverse.

Consider f: {1,2,3} — {a,b,c} given by f(1) =a, f(2) = b and f(3) = c. Find f~' and show that if (f~!)~! =f.
f={(1,a),(2,6),(3,c)}. Clearly/is one-one and onto.

Also, ' ={(0,4),(6,2),(c,3)}

=) =1,'(0)=2.f"(c) =3

Also, (f ™)' ={(1.a),(2,0).3,)} = f

Hence, the result (f~!)~! = 1.

Let f : X — Y be an invertible function. Show that the inverse of f_lis f,1e., (f_l)_1 =f.
We know that f: X — Y

As f is invertible = f is one-one and onto = f ~1 exists.

Also, £~ 'is one-one and onto = f~! is invertible.

= (Y texists= (f ) T =f

If f : R— R be given by f(x) = (3 —x>)'/3, then fof (x) is

(A) x'/3

(B) x*

©x

(D) (3-x").

(C)f :R— Rand f(x) = (3—x3)'/3
= flf 0] =B—-{rxy"2
= fIf 0] =B-{3=x)"7P

= [3, (37x3)]1/3 — (3*3+x3)1/3 —x

4 4x 4
Letf: R— {—g} — R be a function defined as f(x) = ——. The inverse of f is the map g : Range f — R — {—3} given by

3x+4
(A)gly) = 3iy4y
B) g(y) = 4iy3y
(©) g(y) = 3iy4y
D) gy) = 4iy3y
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(B)Given:f:R—{—4} —R.

3
We h (x) = 4x
e ave,fx)—3x+4
N PrisR—{ o\ Lety= __n
ow, range of fis R— ¢ —z ¢ ey—f(x).—>y_3x+4

= 3xy + 4y = 4x = x(4—3y)=4y

4y

_ - —1 = = T A
=a= g0 =)=
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