Determinants

[ NCERT - Miscellaneous Exercise

x sinf@ cosH
1. Prove that the determinant | —sin 6 —X 1 | is independent of 6.

cos O 1 X
SOLUTION
x sin@ cos@

LetA=| —sin6 —x 1 | Expanding by R, we get = x
cos @ 1 x

—sinf@ —x
cos O 1

’+cos€‘
X

1

=x(—x? — 1) —sinO(—xsinO — cos 0) + cos O(—sin O +xcos ) = —x* — x+xsin>@ + sin @ cos @ — sin O cos @ + xcosH

= —x> —x+x(sin?6 + cos?0) = —x> —x+x(1) = —x’ which is independent of 6.

a da* be 1 & &
2. Without expanding the determinant, prove that | b b*> ca |=| 1 b> b
c & ab 1 &

a a* be
LetA=|b b* ca
¢ ¢ ab
1 @ @ abe
MultiplyingR;, R, and R3 by a, b and c respectively and dividing the determinant by abc, we get A = “he > b abe
avel 2 B3 abe
@ @ 1 @ 1 a
- avcl 2 3 2 3
Taking abc common from C3, we get A= —1| b* b° 1 |{=—|b" 1 b
abe | A1 é
1 & &
Interchanging C; <> Co,we getA=| 1 5> b3
1
a a* be 1 & &
Hence, | b b* ca |=| 1 b b
c ¢ ab 1 &2
cosacosf cosasinfl —sina
3. Evaluate —sinf cosf3 0
sinogcosf ‘sinosinff  cosa
SOLUTION
cosacosf. cososinfl  —sina
—sinf cos 0
sinacosf ~sinasinff  cosa
cos 0 —sinf 0 —sinf cos 8

Expanding along R, we got = cos ¢t cos 3

sinasinff cosa sinacosf cosa sinasinf3  sinosinf

’—cosacosﬁ

= cos acos B(cos B cos a) — cos asin B (— sin B cos o) — sin a(— sin asin’? B — sin cicos®B)
= cos?acos’ B + cos>asin’® B + sin® asin® B + sin®otcos>f = cos’>a - 1 +sin’a - 1 = cos’>a +sinor = 1.

b+c c+a a+b
4. If a, b and c are real numbers,and A= | c+a a+b b+c |=0,show thateithera+b+c=00ra=5b=c.

a+b b+c cH+a
SOLUTION

b+c c+a a+b
A=| c+a a+b b+c
at+b b+c c+a
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2(a+b+c) c+a a+b
Applying C; — C1 +Cy+Cs, we get A=| 2(a+b+c) a+b b+c | Taking 2(a+ b+ c) common from Cj, we get
2(a+b+c) b+c c+a

1 ¢c+a a+b 1 ¢c+a a+b
A=2(a+b+c)| 1 a+b b+c |ApplyingR, > Ry—R3andR3 - R3— R ,weget A=2(a+b+c)| 0 a—c b—a
1 b+c c+a 0O b—a c—b

Expanding along Cj,we get A=2(a+b+c)[(a—c)(c—Db)— (b—a)(b—a)]
=2(a+b+c) [ac—abfcqucb—(b2+a272ba)}2(a+b+c) (ac—ab762+cb—b2—a2+2ab) =-2(a+b+c) [a2+b2+62761b7
= (a+b+c) (a—b)2+(b—c)2+(c—a)2]

When,A=0= —(a+b+c)[(a—b)*+(b—c)*+(c—a)’]=0=a+b+c=00r (a—b)?, (b—c)* (c—a)*=0=> a+b+c=0
ora=bb=c,c=a=a+b+c=0o0ora=b=c

x+a X X
. Solve the equation X x+a x |=0,a#0
X X x+a
SOLUTION
x+a X X
X x+a x |=0
X X Xx+a

3x+a X X
ApplyingC; - C1+Cr+C3,we get = | 3x+a x+a x | =0
3x+a X x+a

1 X X
= (3x+a)| 1 x+a x |=0
1 x x+a

1 x x
Applying Ry = R, —R|,R3 > R3— R, we get= 3x+a)| 0 a 0 |=0
0 0 a

Applying C; — C, — C3, we get = (3x+a)

S o~
S
o
|
=

a
Expanding along Ry, we get (3x+a)(a’)=0Sincea#0=3x+a=0=x= =5

a* be ~ac+c?
. Prove that | a® +bc b ac | =4a*b*c.
ab  b>+bc c?
SOLUTION
a* bc ac+c?
LHS.: =|.a*+bc b? ac
ab b*+bc c?
a ¢ a-+tc
Taking a; b, ccommon from Cj,C,&C3, we get =abc| a+Db b a
b b+c c
a c 0
Applying C3 — C3 — (C1 +C,) , we get = abc| a+b b —-2b
b b+c -—2b
a c 0
Taking—2b common from C3, we get = —2b(abc) | a+b b 1
b b+c 1
Expanding the determinant along Ry, we get = —2b(abc)[a(b —b —¢) — c(a+b —c)]. = —2b(abc)[2ac] = 4a*b*c* = R.H.S

Hence, proved.
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3 -1 1 1 2 =2
7.MfA =] -15 6 -5 |andB=| -1 3 0 | find (AB)"".
5 2 2 0 -2 1
SOLUTION
3 -1 1 1 2 =2
GivenA'=| =15 6 -5 [,B=| -1 3 0
5 2 2 0 -2 1

Now,|B|=1(3) —2(—1)—2(2) =3+2—-4=1%#0 .. B ! exists. Since (AB) "' =B 'A™!, s0, we need to calculate B'. Cofactors
of elements of B are :
3

_ I+ 0_
Bll_( 1) -2 1 ’_35
-1 0
_(_1)+2 _
B =(-1) 0 1’ 1,
—1 3
_(_1\143 _
Biz=(-1) 0 -2 ‘ 2,
2 =2
—(_1)2+L _
By =(-1) s 1 ‘2,
1 -2 1 2
By =(—1)"" 0 1’21,323_(—1)2+3 0 2 ’22,,
2 -2 —2 I 2
By = (—1)**! 3 0’:6,1932:(_1)3+2 B 0‘2271932—(—1)3+3 13 ‘:5
c.adjB
3 2 6
=1 1 2
2 25
1 1 3 2 6
Hence, B"'= —(adjB)=-| 1 1 2
1B] 225
3 2 6 3 -1 1
Now,B~'A7'=|1 1 2 -15 6 -5
2 25 5 2 2
9-30+30 —3+12—12 3—-10+12 9 -3 5
=|3-15410 —146-4 1-5+4|=|-2 1 0
6-30+25 —2+12-10 2—10+10 1 0 2
1 -2 1
8. LetA=| —2 3. 1| . Verify that,
1 1.5
(i) [adj A" = ad j(A™")
(i) (A=A
SOLUTION
1 -2 1
A= -2 3 1
1 1 5
Now, JA| = 1(15—1)+2(—=10—1)+1(—2—3)
=14-22-5=—13#0. A exists.
Cofactors of elements of A are : Aj; = (—1)!*! ? é}15114,A12(1)1Jr2 _? é‘(lOl)ll,
A=) 72 "f]=<—3—2>=—s,A2]=<—1>2“ - §|=—<—1o—1>=11,
Ay = (—1)*7 i é‘=5—1=4,A23=(—1)2+3 i _%’:—(14-2):—3,,
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-2 1
_(_1\3+1 9 _ 12 _
Az =(-1) 31 ’ 2-3=-5,
11 1 -2
_(_1\3+2 _ _ __(_1\3+3
Ay =(-1) 2 1’— (142)=-3,A353=(-1) 03
1 14 11 -5 —14 —11 5
So, Al = —(adjA)=—=| 11 4 -3 |=—|-11 —4 3
4] Bl s 3 1| Bl s 31
14 11 -5
(i) Now, |adjA| =| 11 4 -3
-5 -3 -1

= 14(—4—9)—11(—11—15)—5(—33+20) = —182+286+65 =269 £ 0

.adj A is invertible and (ad j A)

’:3—4:—1

=—4-9=-13
= —33+420=—13,
= —14-25= -39,

A ‘ = (56—121) = —65

Now, to obtain ad j(adj A), the cofactors of adj A are : adjA;; = (—1)'*! _g :?
adjAp = (—1)'2 =3 = —(=11—15) =26, adjA;; = (—1)'3 S,
-5 -1 -5 -3
ad jAy = (—1)*! _1; j = —(=11—15) =26, ad jAy, = (—1)*" _1;_‘ j
adjary = (-1 | T = (a2 yss) =3,
adjas = (-1 | |1 7Y | = ~(~42455) = 13, adjar = (-2 | ]
] -13 26 —13
So, (adjA) ' = ——{adj(adjA)} = — | 26 -39 <13
ladj A 169 13 13 _¢s
-1 2 -1
=—| 2 =3 —1 .1
Bl 1 s
L[ -14 -1 s
Also, ad j(A™Y) = adj | -1 43
5 341
14 11 5 13 26 13
13 13 13 169 169 169
Similarly, adj | _1L 4 3 |Z| 26 3% 13
13 13 13 169 169 169
5 31 13 13 65
13 - 13 13 169 169 169
W\ 2 -1
:>(ade*1):E 2 -3 -1 ..(2)
-1 -1 -5
From (1) and (2), we find that, ad j(A~") = (ad jA)~".
~14 —11 5
(ii)|A*1|=E 11 —4 3 || =—5{-14(—4-9)+11(—11—15)+5(—33+20)}
5 31 (13)
= ;(—169) = fi7éo (A lexistsand (A7) = L(ade—l)
13x13x 13 1377 AT
o[22 -1 1 -2 1
=—| 2 3 -1|=]-2 3 1|@ing@)=A
L 1 -1 -5 115
13

—1

ladj A

{adj(adjA)}
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x y x+y
y x+y x
X+y X y

9. Evaluate
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SOLUTION
X y x+y
y x+y X

xX+y X y
2(x+y) y x+y
Applying C; — C1 +Co +C3, we get | 2(x+y) x+y x
2(x+y) x y

1 y x+y
Taking 2(x -+ y)common from C;, we get2(x+y)| 1 x+y X
1 X y
1 y x+y
Applying Ry = R, —Rj and R3 — R3 — R, we get 2(x+y) | O x -y
0 x—y —X

Expanding along Ci, we get 2(x+y)[x(=x) — (=) (x = )] = 2(x +y)[=2* +xy = %) = =2(x +y) (P =y y?) = =2( +)7)

1 X y
10. Evaluate | 1 x+y y
1 X x+y
SOLUTION
1 X y
LetA=| 1 x+y y | Applying R, — R — Ry and Rz — R3 — Ry, we get
1 X x+y
1 x vy
0 vy O
0 0 x
Expanding along C;, we get 1 X y X x = xy. Using properties of determinants in questions 11 tol5, prove that:
a o Bty
1L | B B vt+a |[=B-nr—a)a—B)(a+p+Y)
v ¥ atp
SOLUTION
o o> B+vy
LHS=| B B* y+a
v V¥ a+p
a o oa+B+y
Applying C3 — C3 +Cy, wegetLHS==| B B> a+B+y
Y 7Y atBty
a o 1
Taking (& + B + y).common from C3, we get LH.S. = (a+B8+7) | B B> 1
y 71
o o’ 1
Applying Ry — Ry —Rj and R3 — Rz — Ry, we get LH.S. =(a+B8+7)| B—« ﬁz_az 0
y-B Y-8 0
. B—o B*-a?
Expanding along C3, we get LH.S. = (x+ B +7)
panding along g B+ v—B B
Taking (8 — @) and (Y — 8) common from R; and R, respectively, we getL.H.S.((X+ﬁ+}/)(ﬁa)(yﬁ)‘ } gig

=(a+B+7y)(ax—PB)B—7)(y— o) =R.H.S. Hence, proved.

2
2
2

1+ px®
1+py® | = (14 pxyz)(x—y)(y—2)(z—x)
1+ p2°

Download Mathematics E-Books for C.B.S.E / I.C.S.E. / L.S.C. / JEE from www.mathstudy.in

X X
12. .|y vy
Z Z



Determinants

x 2 1+ p)c3
LetA=| y y2 1+ py3 Using property 5, we get

z 2 lerz3
x 1 x ¥ px3 x 1 1 x ¥
A=ly ¥ Ll+|ly ¥ py |=]|y ¥ 1 |[+poyz| 1 y ¥
z 221 z 2 pz3 z 221 1 z 2

Takingx,y,z and p common from R, R,,R3 and C3in determinant II.
2

x 1 x 1 x x
Interchanging C, <+ C3,in determinant LA=—| y 1 y* [4+pxyz| 1 y y?
z 1 7 1z 2
1 x ¥ 1 x ¥ 1 x x°
Interchanging C; <+ Gy, indeterminant L A= | 1 y y* |+pxyz| 1 y y2 =14+pxyz)| 1 y y2
1 z z 1z 2 1z 2
1 X x?
Applying R, — Ry —R; and R3 — R3 — Ry, we get A= (1 +pxyz)| 0 y—x y?—x* | Taking (y—x)and (z—x) common from
0 z—x 22—x°
1 x x?
Ryand Rz, we get A= (14 pxyz)(y—x)(z—x)| 0 1 x+y
0 1 z+4x
1 x x?
Applying Ry — Ry — Rz, we get A= (14 pxyz)(y—x)(z—x)| 0 0 y—z
0 1 z+4x

Expanding along Cy, we get A = (14 pxyz)(y —x)(z—x){0— (y—z)} = (1 + pxyz)(x — y)(y — 7) (z— x). Hence, proved.
3a —a+b —a+c

—b+a 3b —b+c |=3(a+b+c)(ab+bc+ca)
—c+a —c+b 3¢
SOLUTION
3¢ —a+b —a+c
LetA=| —b-+a 3b —b+c
—c+a —c+b 3¢
a+b+c —a+b —a+c
Applying C; = C1+Co+C3 ,we getA=| a+b+c 3b —b+c
at+b+c —c+b 3¢
1 —a+b —a+c
Taking (a + b+ ¢) common from Cy, we get A= (a+b+c)| 1 3b —b+c
1 —c+b 3c

1 —a+b —a+c
Applying Ry - R; =R; and R3 — R3 —R;, we get A= (a+b+c¢)| 0 2b+a a—b
0 a—c 2c+a

Expanding along Cy, we get A= (a+b+c)[(2b+a(2c+a) — (a—c)(a—b)] = (a+b+c)(4bc+2ab+2ac+a® — a* +ab+ac — be)
= (a+b4c)(3ab+3bc+3ca) =3(a+ b+ c)(ab+ bc + ca) Hence, proved.

L 1+p I+p+gq
2 3+2p 443p+2q =1
3" 643p 10+6p+3q

SOLUTION
1 1+p I+p+gqg
LHS.=| 2 3+2p 4+3p+2¢q
3 6+3p 10+6p+3¢q

1 14p 1+p+g
Applying R, — Ry —2R; and R3 — R3 —3R; ,we get LH.S. =| 0 1 2+p
0 3 7+3p

Expanding along Ci, we get = 1(7+3p—6—3p) = 1(1) = 1 = R.H.S. Hence, proved.
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15. .

16.

sinae cosa  cos(c+90)
sinfB. cosf cos(f+6) |=0
siny cosy cos(y+9)

SOLUTION

sinoe cosa cos(o+9)
LetA=| sinf3 cosfB cos(B+9)
siny cosy cos(y+9)
sina coso  cosocosd —sinasind
Then, using cos(A + B) = cosAcosB — sinAsinB , we get A= | sin} cosf8 cosfBcosd —sinffsind
siny cosy cosycosd —sinysind
sina cosa O
Applying Cz — C3 + (sin§)C| — (cos 8)Cp, we get = | sinfi cosf3 0 | =0 (As, C3 = 0) Hence, proved.

siny cosy O
. . 2 10 4 6 5 6 9 20
Solve the system of the following equations -+ -+ —=4,-———+—-=1,—4+-———=2
Xy z Xy z Xy z
SOLUTION
2 3 10 1/x 4
The equations can be written in the form AX=B, where, A= | 4 —6 51, X=|1/y |andB=| 1
6 9 =20 1/z 2
2 3 10
Now,|A|=| 4 —6 5 |=2(120—45)—-3(—-80—30)+10(36 +36) =2(75)—3(—110)+10(72) 15043304720 = 1200 #
6 9 -20
0. A" exists.
Now, let A;; be the cofactor of the element in i" row and j’h column. The cofactors are : Ay} = (—1)lel _g _28 ’ =
4 5
_ _ _(_1\1+2 — (0 _ _
120-45=75A41, =(-1) 6 20’— (—80—30)=110.
4 —6 3 10 2 10
_ o 1\1+3 _ _ 721 0 _ _(_1\2+2 _
Az =(—1) 6 9‘—36+36—72,A2]_( 1) 9 _20‘_ (—60 —90) = 150 Ay = (—1) 6 _20‘—
—40—60 = —100,
2 3 3 10 2 10
Ayy = (—1)*3 6 o = —(18—18) =0, A3; = (—1)3*! ¢ s ’:154—60:75, Az = (—1)*2 1 s ‘:-(10—
40) =30, As3 = (—1)>3 i _2 }*121224
75 110 72] 75 150 75
sadjA=] 150 —100 0|=1] 110 —100 30
75 30 =24 | 72 0 —24
1 1 [ 75 150 75
Hence, A! = —(adjA)= ——| 110 —100 30
|A| 1200 7 0 —24
75 150 75 4 1 300+ 150+ 150
As,AX=B=X=A"'B= =——| 110 —100 30 =——| 440-100+60
1200095 0 —24 || 2| ™90 2884048

N = | = =
N —mQ =N - T
—_

1
X
NEI
y | 1200 240 N
1
z
™ 171171171H s
us’x72’y73’z75 ence,x =2,y=3,z=
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Choose the correct answer in questions 17 to 19.

x+2 x+3 x+2a
17. If a, b, ¢, are in A.P, then the determinant | x+3 x+4 x+2b |is
x+4 x+5 x+2c
(A)O
B)1
©O)x
(D) 2x

x+2 x+3 x+2a
A):| x+3 x+4 x+2b

x+4 x+5 x+2c
-1 —1 2a-2b
Applying Ry -+ Ry — Ry, weget | x+3 x+4 x+2b
x+4 x+5 x+2c
0 —1 2a-2b
ApplyingC; - C, —Cy,weget| —1 x+4 x+2b
-1 x+5 x+4+2c
-1 x+2b
-1 x+2c

-1 x+4

Expanding along R, we get 1 1 x45

‘+(2a—2b)‘ ‘:—x—20+x+2b+(2a—2b)[—x—5+x+4]

a+c
2< 5 > —(c+a)

=2b—2c+(2a—2b)(—1)=2b—2c—2a+2b=22b— (c+a)] =2 =0 [Since a, b, ¢ are in A.P.]

x 0 0
18. Ifx,y,z are non-zero real numbers, then the inverse of matrix A= | 0 y 0 [ is
0 0 z
xt 00
(A) 0o y!' o0
0 0 z!
00
(B) xyz 0 y' 0
0 0 z!
1 x 0 0
< —|10 y O
Welo 0 ¢
1 1 00
O)— | 071 0
W00
SOLUTION
x 0 0
(A):LetA=| 0 y 0 | - |Al=xyz# 0,A~" exists. Now, cofactors of elements of A are :
0 0 z
oyt Yy 0 2| 0 0]
A =(-1) 0 2 =yz, A= (1) 0 - |=0
0 0 0 0
A13 — (_1)l+3 0 i)) — OAZ] _ (_1)2+] O . —O,A22 — (_1)2+2 g . ’ = xz,
2| X 0 _ 3411 0 0]
g2 X 0
Ap=(-1) 0 ol= 0,
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_(_1\3F3| X 0
A33 ( 1) 0 y ‘—xy
cadjA
yz 0 O
= 0 xz O
0 0 xy
1] 2 0 O x! 0
Hence,A”'=—| 0 xz 0 | = 0 y1
D20 0 xy 0 0 7!

1 sin 6 1
19. LetA= | —sin6 1 sinf |, where 0 <60 <2x. Then,
—1 —sinB 1

(D) Det(A)

1 sin @ 1
(D):| —sinf 1 sin® | Expanding along Ry, we get 1(1+sin*0) —sin(=sin@ +sin ) + 1(sin*6 + 1) = 1 +sin’6 +
—1 —sin@ 1
14sin’0 = 2(1 +sin0)
As, sin?0 € [0,1] = 1 +sin®6 € [1,2]
= 2(1+sin’0) € [2,4]
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