Determinants

[ Exercise — 4.5

Find adjoint of each of the matrices in Exercises 1 and 2.

-

&

Let P = i . Let A;; be cofactors of a;; in P. Then, the cofactors of elements of P are given by Ay = (_1)1+1 (4) =4,

|
Ap=(-1)

1
3
H2(3) = =3, 40 = (1)1 (2) = 2 Apn = (- 1)*"*(1) = 1

|

-1 2
35
0 1

4 —
3

2.[

I -1 2
Let P = 2 3 5 |.LetA;; be cofactors of g;; in A. Then,
-2 01
1)

—_ N

1
2
-2

(3 5 2 5
A=D1 1}:3_0:“12—(—1)”2{2 1]:—(2“0):—12
[ 23 L2
12 1 —1 1 9
Azz_(_l)m_—z 1]:1+4—5A23—( 1)2”[_2 0]=—(0—2)—2A31—(—1)3+‘{ ; 5]:—5—6——11
12 -1
Ap=(-1"| 5 5}:—(5—4)_—1/433—(_1)“3[2 3]:3+2:5
adj P
3 1 —11
=] =12 5 —1
6 2 5
Verify : A(adjA) = (ad jA)A = |A|I in Exercises 3 and 4.
2 3
R
SOLUTION
2 3
LetA = Al =—124+12=|A|=0
4 6
Let A;j be co-factors of a;; in A. Then, the co-factors of elements of A are givenby A;; = (—)H(=6)=—6,A1 = (—1)12(—4) =
4
Ax = (—1)*T1(3) = =34 = (—-1)*"?(2) =2
= adjA =

.~.A(ade>=[i ZH_Z _3]:[8 8]
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<ade)/A={2 iH-i —2]

= [ 8 8 } and |A|l = O as |A| = 0 Hence, A(ad jA) = (ad jJA)A = |A|l

1 -1 2
3 0 -2
1 0 3
SOLUTION
1 -1
LetA=| 3 0 -2 | LetA;; be cofactor of g;; in A. Then, the cofactors of elements of A are given by
1 0 3
[0 —2 3 -2
_(_q\1+1 — — 1+2 = _ =—
A= (1) 0 3} 0Ap=(-1) [1 3} (9+2) 11
(30 -1 2
A13=(—1)l+3_1 0}=0A21=( 1)2“{ 0 3]:—(—3—0)_3
1 2 1 -1 -1 2
Azz_(—1)2+2_1 3}23—2=1A23_(—1)2H[1 0]:—(0+1)=—1A31=(—1)3+1[ 0 _2]:2
A —(—1)3”-1 2 (-6 =8An =1 | L Tl 04323
32 3 -2 33 30
0 —-11 0 0 3 2 1 -1 2 0 3 2
coadjA=| 3 I -1 |=| —-11 1 8 | Now,A(adjA)=| 3 0 =2 —-11 1 8
2 8 3 0 -1 3 1 0 3 0 -1 8
0+1140 3—-1-2 2-8+6 11 0 10 0
=| 0+04+0 94042 6+0-6 |=| 0 11 0 (=12} 0 1 0 | =11
0+0+0 3+0-3 2+0+9 0 11 0 0 1
(AdjA)A = —11 1 8
3
1r 0 0 1 00
=| 0 11 O =110 1 0 |=11I
0 0 11 0 0 1
1 -1 2
Also, [A[=|3 0 =2 |=1(0)+1(9+2)+2(0)=11
1 0 3

Hence, A(AdjA) = (AAd JA)A =111 = |A|I.

Find the inverse of each of the matrices (if it exists) given in Exercises 5 to 11. .

e

SOLUTION
Let A= [ i _g } Then, |A:‘ 2 _g =64+8=14#0.

So, A is a non-singular matrix and therefore, it is invertible. Let A;; be cofactor of g;;in A. Then, the cofactors of elements of A

are given by Ajj = (—1)"71(3) = 3,41, = (=1)'*?(4) = —4,
Axp = (=11 (=2) =2,Ap = (-1)*2(2) =2
coadjA
= [ 72 ; } Hence, A~! |A|ad]A
_1{ 3 2]
14| —4 2
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-1 5
o [ 1]
SOLUTION
-1 5 -1 5
LetA—[3 2]Then |A] = ’ 3 5 =-2+15=13#0.

So, A is a non-singular matrix and therefore, it is invertible. Let A;; be cofactor of g;; in A. Then, the cofactors of elements of A
are given by

A= (=D"102) =241 = (—1D)'2(=3) =3 Ay = (=1)*11(5) = =5,4 = (—1)**2(-1) = —1
coadjA

1 2 3
LetA=| 0 2 4
0 0 5

2 4 0.4
Then, |A| =10#£0. A;; = ( 1)1+1[0 5]10/412( 1)1+2[0 5}0
[0 2] 2 3 1 3
A13:(—1)‘+3_0 0| =0Ay =( 1)2“[0 5]——10/422—(—1)2“[ 0 5}:5
(1 2] 2 3
A23:(—1)2+3_0 0_—0A31—(—1)3+1[2 4]:2
(1 3] 102
_(_1\3+2 _ __(_1\3+3 _
A =(-1) 0 47 4A33=(-1) [0 2]—2
coadjA
10 —10 2 1 1 10 —10 2
=1 0 5 —4 Hence,A*l:X(ade)zE 0 5 —4
0o 0 2 Al 0o o0 2
1 0 0
8. 3 3 0
5 2 -1
SOLUTION
l O
LetA =
1 0 0
Then, [A[=| 3 3 0 :1’ 1‘:—3—0:—37&0
5 2 -1
So, A is non-singular matrix and therefore, it is invertible. Let A;; be cofactors of a;; in A. Then, the cofactor of elements of A are

givenby Ay = (—1)!! [ ; _(1) } =(-3-0)=-3

AIZ:(—l)HZP 0]:—(—3—0):3A13:(—1)1+3[2 ;}:6—15:—9&]:(—1)2“{0 O]ZOAQZZ

w

A23=(—1)2+3[é 3}2—21“31:(—1)3“[0 8]20
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e R R BN PR e

33
coadjA
-3 00 1 -3 00
=/ 3 -1 0 Hence,/rl:X(aale):—g 3 -1 0
-9 -2 3 4] -9 -2 3
2 13
4 —1 0
-7 21
SOLUTION
2 13
LetA=| 4 —1 0
-7 21
2 13
Then, JA|=| 4 —1 0 |=2(-=1-0)—1(4—0)+3(8-7)=-2-4+3=-3#£0.
-7 21

So, A is a non-singular matrix and therefore, it is invertible. Let A;; be cofactor of g;; in A. Then, the cofactors of elements of A

are given by Aj = (—1)'! b0 } =1

2 -1
[ 4 0] 4 -1
A12=(—1)1+2__7 l_:_4A13:(_1)1+3[—7 2]28—7:1
Ay = (—1)*"! b3 =—(1-6)=5Apn=(—1)"" 23 =2+21=23
21 -7 1
2 1] 13 2 3
Ay = (—1)*3 5 2_(4+7)11A31(1)3+1{_1 0]3A32(1)3+2[4 0}12
_ . ~1 4 1 —1 5 3
Ay =(=1)*" i _i =—2-4=—6 adjA=| 523 —11 |=| -4 23 12
- - 3 12 -6 1 —11 —6
-1 5 3
1 1
Hence,A”:X(ade):—f -4 23 12
Al 1 =11 -6
1 -1 2
0 2 -3
3 2 4
SOLUTION
1 -1 2
LetA=| 0 2 -3} |A|=1(8-6)+1(04+9)+2(0-6)=2+9—-12=—-1#0
3 -2 4
2 -3 0 -3
An=(-1" [ -2 4 ] :8_6_21“12—(—1)”2[ 3 4 } =—(0+9)=-9
oy | 02 e | L2 _
Az ( 1) [3 2:|—0 6=—-6A; ( 1) |:2 4 |= (4+4)_()
1 2 1 -1 -1 2
Azz_(—l)”z{S 4]:4—6:—2A23:(—1)2+3{3 _2}:—(—2+3):—1A3]=(—1)3“[ 5 _3}:3—4:—1
1 2 1 -1
(L 1\32 a0 — _(_1)\3+3 _ _9 . :
Az = (—1) [0 _3}_ (=3—0)=3A3=(-1) {o 2]—2+0—2..ad1A
2 0 -1
=l -9 -2 3
-6 -1 2
oadjA 1 2 0 -1 2 0 1
Hence, A™" = n :—1 -9 -2 3 | = 9 2 -3
I I 6 1 —2
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1 0 0
11. 0 cosa sin
0 sina —cosa
SOLUTION
1 0 0
LetA=| 0 cosa sino |, then |A| = 1(—cos’>a —sin?a) = —1 #0. . A Lexists.

0 sinax —coso

So, A is non-singular matrix and therefore, A is invertible. Let A;jbe the cofactors of @;; in A. Then the cofactors of elements of
A are given by For adjoint A,A;; = (—1)""/M;;

cos o sin o

A= (=D = —cos’a —sina = —1
sinoe —coso
0 sin o 0 coso
o 1\1+42 _ _(_1)143 _
An=(-1) 0 —cosa 0, A1z = (1) 0 sina
_ 2l 0 0]_ _ ez 1 0__ RV IE 0|_
Az = (1) sinad —cosd =04n=(-1) 0 —cosa | cos & Ag3 = (~1) 0 'sing | SIn&
0 0 1 0
_(_1\3+1 _ —(_1)\312 — Qi
Az =(=1) coso  sina 0As =(-1) 0 sina smo
1 —1 0 0
o 1\343 _ T _ e
Aszz=(-1) 0 cosa =cose..adjA= 0 cosa  —sina
0 —sina cos o
[ —1 0 0 L[ -t 0 0
= 0 —cosoe —sina | Hence,A™' = AadJA = 0 —cosa —sina
| 0 —sina cos o | | 0 ~=sina cos &
1 0 0
=] 0 cosa sin &
| 0 sino —cosa
37 [6 8 : Y pigl
12. LetA = { ) s ] and B = [ 7 9 ] . Verify that (AB)™ =B A" .
SOLUTION
3 7 6 8 67 87 .
Wehave,AB—{2 5]{7 9]—{47 61}Smce,|AB—67><61—47><87——2;«r50
So, AB is non-singular matrix and therefore, (AB) ' exists and is given by (AB)™" ! ——ad j(AB) = el 87 =
’ ’ ~ |AB| 2| 41 o7

1] —61 87
2| 41 67

Further, =15—14=1%#0and |B| =54 —56 = -2 # 0. So, A and B are both non-singular matrices and therefore, A land
B~ 'both exist and are given by
e 5=l 2 e 3 1[5
= _%[ _Z; _2; ] = ;{ _Z; _2; } Hence, (AB)"' =B~1A1.
13, IfA = [ _f ; } , show that A> — 54 +7I = O. Hence, find A~".

SOLUTION
731 e [ o3 3017 301 10
A_[l } o= 2 1) 31 ]-s[ 2 4]l b ]
15 5 n 7 0
-5 10 0o 7

{ 8§—-154+7 5-5+0

00] o -
~545+0 3—10+7} {0 o}_O:‘A —ATTI=0
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Hence, proved. Now, multiplying by A~ on both sides, we get (A 'A)A =544~ —7IA"' =0 = 1A -51+7A"' =0 =
A-SI+7A ' =0=7A""=51-A

1ol [ 31 L[5 0] [ 31

=74 _5[0 1 12|70 s ~1 2
o [2 -1 o2 4

=TA [] 3 =A =701 3

. . For the matrix A = {? ?

We are given that, A = { ? % ]

} , find the numbers a and b such that A%+ aA +bl =0.

2 _ 3 2 3 2 3 2 1 0|
Now, A“+aA+bl =0 = [ 11 11 +a 11 +b 0 1 =0
o

[9+2 642 3a 2a b 0]
=341 2+1] [a a%{o b}_
[ 8] [3atb 2] [0 0

| 4 3 a a+b | [0 0
:>'11+3a+b 8+2a] [0 0O

I 4+a 3+a+b | [0 O

=44+a=0=a=—-4Also,3+a+b=0=b=-3+4=>b=1Hencea=—4,b=1

+

1 1 1

. For the matrixA=| 1 2 =3 |, show that A3 —6A2+5A+111=0. Hence, find AL,
—1 3

2
SOLUTION
1 1 1]
Wehave A= | 1 —
2 -1 3

11 1771 1 -1
CA2=AA=1|1 2 =3 1 27-3
1

2 312 -1 .3
1-141-141-2 Fa+12+41-(-1) 1-14+1-(=3)+1-3
=1 1-142:14(=3)-2 1-14+2:24(=3)-(=1) 1-142-(=3)+(-3)-(-3)
| 214 (=1)-1+3-2 214 (=1)-2+3- (1) 214 (=1)-(=3)+3-3
[ 14+14+2 14+2-1.1-3+3 4 2 1 4 2 1 1 1 1
= 142-6 144+3 1-6-9 |=| -3 8 —14 |andA’=A%A=| -3 8 —14 1 2 -3
| 2—-1+6 2-2-3 24349 7 -3 14 7 -3 14 2 -1 3
4.142-141-2 4-142-241-(—1) 4-142-(=3)+1-3
=| —3-1+8:1+(—-14)-2 —3-14+8-2+(—14)-(—-1) —3-1+8-(=3)+(—-14)-3
7A4+(=3)-1+14-2 A+ (=1)-2+43-(=1)  7-1+(=3)-(-3)+14-3
8 7 1]
=1 =23 27 —69 | Now, LHS.=A%—6A%+54+11I
| 32 -13 58 |
[ 8 7 1] 4 2 1 1 1 1 1 00
=| -23 27 —-69 |—-6| -3 8 —14|+5|1 2 =3 |+11]0 1 0
| 32 —13 58 | 7 -3 14 2 -1 3 0 0 1
8 7 1] 24 —12 -6 5 5 5 11 0 0
=| =23 27 —-69 |+ 18 —48 84 |+| 5 10 =15 |+| 0 11 0
| 32 —13 58 | —42 18 -84 10 =5 15 0 0 11
8§—24+5+11 7—12454+0 1—-6+5+4+0
=| —234+18+5+0 27—48+10+11 —69+84—15+0
| 32-424+104+0 —13+18—5+0 58—84+15+11
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16.

17.

18.

0 0 0
=10 0 0 |=0=A4%—6A42+5A+111 = O Hence, proved. Now, A> —6A2+5A+ 111 =0
0 0 0
= 11/ =—A%+6A%—5A ... (i) Multiplying () by A~!, we get 11471 = —A'A3 164 'A> =54 'A = 114" = —A? +6A—51
=>Al = 1A2+6A > g é 1411 +6 i é ; > (1)(1)3
11 111 il 5 5 . i, 7 3 o o0 1
[ —4+6-5 —2+6+0 —14+6+0
=1 34640 —8+12—5 14—18+40
| —7+12+0 3—6+0 —14+18-5
(-3 4 5
=—| 9 -1 —4
L I R
2 -1 1
IfA=| -1 2 —1 |, verify that A* — 64> +9A — 41 = O and hence, find A~
1 -1 2
SOLUTION
2 -1 1 2 -1 1 2 -1 1
WehaveA= | —1 2 —1 | A’=AA=| -1 2 -1 -1 2 -1
1 -1 2 1 -1 2 1 -1 2
44141 —2-2—1 24142 6 -5 5 6 -5 5 2 -1 1
=| 2-2-1 14441 —-1-2-2|=| -5 6 -5 |andA3=A%2A=| -5 6 -5 -1 2 -1
| 24142 —1-2-2  1+1+4 5 -5 6 5 -5 6 1 -1 2
124545 —6—-10—5 6+5+10 22 21 21
=| -10-6-5 5+12+5 —5-6-10 | =| —21 22 —21 | Now, A®> —64%+94—4I
104546 —5-10—6 5+5+12 21 —21 22
22 -21 21 6 -5 5 27 -1 1 1 00
=| -21 22 21 |-6|-5 6 —5|+9| =1 2 —-1|-4/01 0
21 21 22 5 -5 6 1 -1 2 00 1
[ 22-36+18—4 —214+30-94+0  21=304+9+0 0 0 0
=| —21430-9-0 22-36+18—4 —21+30-940 |=|0 0 0 |=0
| 21-304+9+0 —214+30-9+0 22-36+18—4 0 0 0
Hence, A®> —6A% +9A — 41 = O Now, A> — 6A2 +9A — 4] = 0 = 41 = A> — 6A% + 9A Multiplying both sides by A~!, we get =
1 6 9
ATl =—A?— A+
PPy
Y AN N2 I I P
s s 1 o1 2] Hloo
([ 6-12+9 =5+6+0 5-6+0 31 —
=4 | 3H6+0 6-12+9 54640 | = 13
54610 —54+6+0 6—12+9 -1 1 3

Let A be a non-singular square matrix of order 3x 3. Then, |adj A| is equal to
(A) |A]

B

(© |4

(D) 3|A|

(B) : For any n x n matrix A, det(adjA) = |A|"~" (It holds for singular and non-singular matrices.)

If A is an invertible matrix of order 2, then det (A~") is equal to
(A) det (A)
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1
®) era)
©) 1
D)0

(B) When A is an invertible matrix of order 2, AA~' =1, = A~'A, where b is identity matrix of order 2. = det(AA*' ) =detl =

1
detA.det(A™!) =1 = det(A™!) = S detA #0
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