Determinants

[ Exercise — 4.2

Using the property of determinants and without expanding in Exercises 1 to 5, prove that :.

1.

X a x+a
y b y+b |=0
z ¢ z+c

X a x+ta X a
LHS.=|y b y+b|=|y b

z ¢ z+c z ¢
corresponding elements are same), the

a a
+ b b | =0 [If any two rows or columns of a determinant are identical (all
¢ c

N o=
N o=

<

alue of determinant is zero].

a—b b—c c—a
b—c c¢c—a a—b |=0
c—a a—b b-—c

a—b b—c c—a a—b+b—-c+c—a b—c c—a 0 b—c c—a
LHS.=| b—c c¢c—a a-—b |ApplyingC; —-C1+C,+C3,weget| b—c+c—a+a—b c—a a—b |=|0 c—a a-—->b
c—a a—b b—c c—at+a—b+b—c a—-b b—c 0 a-b b—c
0[as C; =0]
2 7 65
3 8 75 |=0
5 9 86
SOLUTION
2 7 65 65 7 65
LHS.=|3 8 75 | ApplyingC; = C; +9C,,we get | 75 8 75 | =0 [If any two rows or columns of a determinant are
5 9 86 86 9 86
identical (all corresponding elements are same), the value of determinant is zero].
1 bc a(b+c)
1 ca b(c+a) |=0
1 ab cla+b)
SOLUTION
1 bec a(b+o) 1 bc ab+ac
LHS.=| 1 ca ble+a) |=|1 ca bct+ba |=0
1 ab cla+b) 1 ab ca+cb
1 bc ab+bc+ac 1 bc
Applying C3 — C3+Co,we get | 1 ca bc+ca+ab |=(ab+bc+ca)| 1 ca 1
1 ab ca+cb+ab 1 ab 1

=(ab+bc+ca) x0=0[as C; ~ C3]

b+c q+r y+z a
c+a r+p z+x |=2|b
a+b p+q x+y c

b+c q+r y+z
LHS.=| c+a r+p z+x | Applying Ry — R; + R+ R3, we get
a+b p+q x+y

ST
N =

2(a+b+c) 2(p+q+r) 2(x+y+2z) atbtc prgtr x+ytz
L.H.S= c+a r+p z4+x | =2 c+a r+p 74X
a+b p+q x+y a+b p+q x+y
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Applying R — R; — Ry, we get LH.S. =2

Applying R3 - R3 — Ry, we get LH.S. =2

ApplyingR, — R, — Rz, we get LH.S. =2

Interchanging R| <> Ry, we get L.H.S. =—2

Interchanging R, <> R3, we get LH.S. =2
that:
0 a —b
6.| —a 0 —c |=0
b ¢ 0
SOLUTION
—a
Applying R; <> Ry, R, <> R3, we get b
0
1 0
Applying R, —+ Ry — bRy, weget| 0 ¢
0 a
. R 1 0 «c/a
ApplyingR, - —,weget| 0 1 —b/a
c
0 a —b
1 0
Applying R3 = R3 —aR,, weget| 0 1
0 0
—a>  ab  ac
7. ba —b*  bc |=4d’b*c?
ca c¢cb ¢?
SOLUTION
—a>  ab  _ac
ba —b*  bc
ca cb —c?

Taking-a, b and ¢ common from R, R, and Rsrespectively, we get abc

0 2
Applying Ry — R +R3,we getabc| a
a

Expanding along Ry, we get (abc)(—2b)

Cl2

b2

C2

1 a
8. )| 1 b
c

=(a—b)(b—c)(c—a).

a

b q y
ct+a r+p z+x
a+b p+q x+y
b q y
c+a r+p z+x
a p X
b q vy
c r z
a p x
a p x
c r z
b q vy
a p x
b ¢q y | =R.H.S. By using properties of determinants, in Exercises 6 to 14 show
c r z
0 —c . _R 1 0 c/a
¢ 0 | ApplyingR; <> ——, weget| b ¢ 0
a —b L 0 a —b
c/a
—bc/a
—b
c/a
—b/a | = 0 (since each element of R3 is 0)
0

b 0
b c
b —c

c

—a b c
a —b c
a b —c

= (aoc)\— —dac —ac| = (aoc aoc) = 4ad C ence, proved.
bc) (—2b be) (4abe) = 4a*b*c* H proved
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1 a a
LHS.=| 1 b b
c ¢
0 a—b a*—b 0 (a—b) (a—b)(a+b)
Applying R| - Ry —RyandRy - Ry —R3, weget| 0 b—c b —c* |=|0 (b—c) (b—c)(b+c)
1 c ¢ 1 c ?
0 1 a+b
Taking out (a — b) and (b — ¢) common fromR; andR; respectively, we get (a—b)(b—c)| 0 1 b+c
I c ¢
0 0 a—c
Applying R; — R} — R, we get (a—b)(b—c)| 0 1 b+c | Taking out (a — ¢) common from R}, we get (a =b)(b—c)(a—
I ¢ ¢
0 0 1
)| 0 1 b+c
I ¢ ¢
Expanding along R}, we get (a—b)(b—c)(a—c)1(0—1) = (a—b)(b—c)(c —a) = R.H.S. Hence, proved.
1 1 1
| a b c|=(a=b)b-c)(c—a)lat+b+c)
a v e

1 1 1 0 0 1
LHS.=| a b c |Applying C; — C; —C; and C; — C; — Cs3, we get a—>b b—c ¢
a vl - -3 S
0 0 1
Taking out (a — b) and (b — ¢) common from Cjand C, respectively, we get (a —b)(b—¢) 1 I ¢
a+ab+b* P+t +be &
0 0 1 0
Applying C; — C; —C,, we get (a—b)(b—c) 0 I ¢ |=(a=b)(b—c) 0
a4ab4 b -~ —be b+ +be a®—c+bla—c) b*-
0 0 1
=(a—b)(b—c) 0 1 ¢
(a—c)(a+b+c) b 4+c*+bc
0 0 1
Taking out (a — ¢) X (a+ b+ ¢)-.common from C;, we get (a—b)(b—c)(a—c)(a+b+c)| 0 1 ¢
1 b +c*+be o
Expanding along R, we get (a—b)(b—c)(a—c)(a+b+c)(—1) = (a—b)(b—c)(c—a)(a+b+c) = R.H.S. Hence, proved.
x XX yz
y ¥z | =) 2) (@ x) (y+yz )
7 xy
SOLUTION
X x° yz
LetLHS. |y y* zx
z 7 xy
xT X xyz Xz x> x 1
Multiplying Ry, R and R; by x, y and z respectively, we get A= — | y*> > xyz |=—| y* y* 1 |[Taking xyz common
XyzZ| 2 3 e 2 3
T Xz 7z
from C3]
21X
Applying C> <+ C3,we get —| y> 1 y°
Z 1z
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1 x
Applying C; <> C, we get | 1 y2 y
I z

1 x? x°
Applying Ry — Ry —Rj and R3 — R3 — R, we get | O y2 —x° y3 —x
0 #-x* 724
1 x? x
Taking (y — x) and (z — x) common from R, and Rsrespectively, we get (y —x)(z—x)| 0 y+x y>+yx+x>
0 zt+x Z4zx+a?

1 X2 X
Applying Ry — Ry —R3, we get (y—x)(z—x)| 0 y—z y*—zZ>+x(y—2)
0 z+4+x P4+’

1 X2 x

Taking (y —z) common from R; , we get (y—x)(z—x)(y—2z)| O 1 x+y+z

0 z+x Z2+zta?

Expanding along Cy,we get = (y —x) (:—x) (y —2) [+ 2x +2°) — (z+x) (x+y+2)] = (y =2) (z=%) (y —2) [ + x4+ —zx —zy—2*-

=@—x)(z—x)(y—2)[—xy—xz—zy] = (x—y) (y —2) (z—x) (xy+yz+zx) = R.H.S. Hence, proved.
x+4 2x 2x

10. (3) 2x x+4 2x =(5x+4)(4—x)2
2x 2x x+4

SOLUTION
x+4 2x 2x
LHS. = 2x x+4 2x
2x 2x x+4
Sx+4 2x 2x 1 2x 2x
Applying C; — C1 +Cr+C3, we get | S5x+4 x+4 2 =05x+4)| 1 x+4 2x
Sx+4 2% x+4 1 2x x+4
0 x—4 0
Applying Ry — R — Ry, we get (5x+4) | 1 x+4 2x
1 2x x+4
Expanding along R;, we get (5x+4) [-(x4) ‘ i x—i—zjlc } =(5x+4)[—(x—4) (x+4—2x)]

= (5x+4)[— (x—4) (—x+4)] = (5x+4) (4—x) (4—x) = (5x+4) (4 —x)* = R.H.S. Hence, proved.

y+k y y
(ii) y y+k y | =kBy+k)

y y y+k
SOLUTION
y+k y y 3y+k y y 1 y y
L.H.S. Yy y+k y | Applying C; = C1 +Cr +Cs,we get | 3y+k y+k y | =0@y+k)| 1 y+k y | Ap-
y y y+k 3y+k y y+k 1 y y+k
0 —k 0 |
plyingR; — R} — Ry, we get By+k)| 1 y+k y | =@y+k) {kll Jrz H=(3y+k)kLy+k—y]:(3y+k)k2:R.H.S.
1 y y+k Y
Hence, proved.
a—b—c 2a 2a
11. (i) 2b b—c—a 2b |=(a+b+c)
2¢ 2c c—a—b
SOLUTION
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12.

a—b—c 2a 2a a+b+c a+b+c a+b+c
LHS. = 2b b—c—a 2b | Applying Ry — R + Ry + R3,we get 2b b—c—a 2b | Taking
2c 2c c—a—b 2c 2c c—a-b
1 1 1 0
(a+b+c) common from Ry ,we get (a+b+c)| 2b b—c—a 2b | ApplyingC; —C1 —C, ,we get (a+b+c)| b+c+a b—c-
2c 2c c—a—>b 0
0 1 1 0
Taking (a+b+c)common from Cy, we get (a+b—+c¢)*>| 1 b—c—a 2b | Applying C; — C> —C3, we get (a+b+c)*| 1 “—(a-
0 2c c—a—b 0 (a-
0 1
Taking (a+b+c¢) common from Cy, we get (a+b+c¢)*| 1 —1 2b | Expanding along Ry, we get (a +b+4:¢)> =R.H.S.
0 1 c—a->b
Hence, proved.
x+y+2z X y
(ii) 7 y+z+2x y | =2(x+y+z)?
b4 X z+x+2y
x+y+2z X y
LH.S.= z y+z+2x y
Z X z+x+2y
(x+y+z) —(x+y+2) 0
Applying Ry — R — Ry and Ry — Ry — R3, we get 0 x+y+z —(x+y+2z)
b4 x Z+x+2y
1 -1 0
Taking (x+y+z) common from R; and Ry, we get (x+y-+z)>| 0 | 1 -1
Z. X z4+x+2
1 0 0
Applying C; — C; +Cy, we get (x+y+2)2| 0 1 —1
Z X+z. zt+x+2y
1 0 0
Applying C; — C +Cs3 , we get (x+y—+2)>| 0 1 0

7wtz 2(x+y+2)
=2(x+y+2)? (x+y+2)

[Determinant of triangular matrixis product of its diagonal elements] = 2(x+y+ z)3 = R.H.S. Hence, proved.

l+x+x> x «x
Applying C; — C1 +Co+C3, weget=| 1+x+x> 1 «x
l+x+x2 ¥ 1

I x x
Taking (1 +x+x%) common from Cy, we get = (1+x4+x*)| 1 1
12 1
l-x x
Applying C; — C; — Gy, we get = (1 +x+x?) 0 1 «x
-2 2 1
1 x ¥
Taking (1 — x) common from Cy, we get = (14 x+x%)(1 —x) 0 1 «x
l+x 2 1

Download Mathematics E-Books for C.B.S.E / I.C.S.E. / L.S.C. / JEE from www.mathstudy.in



Determinants

2

Expanding along Cy, we get = (1 4+x4x%)(1 —x) {1 xi )16 ‘—k(l—&—x) xx ] =(1-)[1 =)+ (1 +x)(* -2 =
(1—x*)2 =RH.S.
Hence, proved.
1+d>—b* 2ab —2b
2ab 1—d*+b* 2a | =(14+a*+b*)?
2b —2a 1-d*—b*
SOLUTION
1+a*—b? 2ab ~2b
LHS. = 2ab 1 —a*+b* 2a
2b ~2a 1-d*—b*
1 +a*+b? 0 ~2b
Applying C; — C; — bC3 andCy — G + aCs, we get = 0 1+d>+b° 2a
b(1+d*+b*) —a(l+a*+b*) 1—a*>—b*
1 0 —2b
Taking (1+a* +b*)common from Cy andC,, we get = (1 +a> +5*)*| 0 1 2a
b —a 1-d—b*
1 0 —2b
Applying Ry — R3 — bRy, we get = (1 +a*+b*)?| 0 1 2a

0 —a l1—dad*+b?

Expanding along Cy, we get = (1 +a>+b°)?[1((1 —a® + b* +2a*)] = A+ a*>+b*)*(1 +a* +b*) = (1+a* +b*)> = RHS.
Hence, proved.

a+1 ab ac
ab b*+1 be
ca ch *+1

=14+a*+b*+32.
SOLUTION

a*+1 ab ac
LHS. = ab b*+1 be | Applying €; — C1 +C, +C; , we get
ca ch A+1

l+a(a+b+c) ab ac
LHS.=| 1+bla+b+c) b +1 bc
l+cla+b+c) ch A+1

By property 5 and taking (& + b+ ¢)common from Cj in determinant IT, we get

1 ab ac a ab ac
LHS.:=| 1 b*+1 be [+ (a+b+c)| b b*+1 be
1 b A+1 c ch A+1
1 1 1 a b c
Changing rows into columns, we have LH.S.: = | ab b*+1 be |+(a+b+c)| ab b +1 cb
ac be +1 ac be +1
For determinant I we apply, C; — C; — C,,C> — C; — C3 and for determinant II we take out a common from C, we get
0 0 1 1 b c
LHS.: | ab—b*—1 b*+1—cb be | +ala+b+c)| b b +1 be
ac—bc bc—c*—1 *+1 c be +1
Applying C; — C, — bC and C3 — C3 — cC in determinant II, we get
0 0 1 1 0 0
ab—b*—1 b*+1—cb bc |+ala+b+c)| b 1 0 |Expanding along R;, we have
ac—bc bc—c*—1 *+1 c 0 1

LH.S. = 1[(ab—b* —1)(bc — c* — 1) — (ac — bc)(b> + 1 — cb)] +ala+b +c)
= [(ab?*c — abc® —ab — b c + b*? + b* — be + ¢* + 1 — (ab*c + ac — abc* — b’c — be + b*c?)] +a(a+b+c)
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= ab’c —abc® —ab — b ¢+ b* +b* —be+c* + 1 —ab*c — ac + abc® + bPc + be — b*c* +ala+ b +¢)
= —ab+ b+ +1—ac+d®+ab+ac=1+ad*+b*+c* =RHS.

Hence, proved.

Choose the correct answer in Exercise 15 and 16.

15. Let A be a square matrix of order 3 x 3, then |kA| equal to
(A) K[A]
(B) K*A|
© KA|
(D) 3k|A|

(C) If A is a square matrix of order n, then |kA| = k"|A|, where k is scalar.

16. Which of the following is correct ? (A) Determinant is a square matrix.
(B) Determinant is a number associated to a matrix.
(C) Determinant is a number associated to a square matrix.
(D) None of these

(C) Determinant is a number associated to a square matrix.
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