Inverse Trigonometric Functions

‘&%ﬁ PROPERTIES OF INVERSE TRIGONOMETRIC FUNCTIONS

in~! (sinx) = Ttz
1. (a) sin” (sinx) =x,Vx € [ 7 2]
(b) cos™!(cosx) = x, Vx € [0, 7]

(c) tan~!(tanx) = x, Vx € (7”, g)
(d) cosec™!(cosecx) =x, Vx € {Tﬂ

.x20

(e) sec”!(secx) =x,Vx€ [0, @], x

Nlél NIFI

() cot™!(cotx) =x, Vx € (0, m)

2. (a) sin(sin"'x) =x, Vx e [~1, 1]
(b) cos(cos x) =x, Vxe[-1, 1]

(©) tan(tan’1

x) =x, Vx € (—oo, co)
(d) cosec(cosec™'x) = x, Vx € (—oo, —1]U[I, o)
(e) sec(sec™'x) = x, Vx € (—oo, —1]U[1, )

(f) cot(cot™'x) = x, Vx € (—oo, o)

3. (a) sin”!(—x) = —sin"lx, Vx € [-1, 1]
(b) cos™!(—x) = —cos 'x,Vx € [~1, 1]
(c) tan~!(—x) = —tan"'x, Vx € (—o0, o0)
(d) cosec™!(—x) = cosec_lx7 Vx € (—eo, —1]U]1, o)

(e) sec”!(—x) = m—sec”!x, Vx € (—oo, —1JU[l, o)
(f) cot™!(—x) = cot_lx, Vx € (—oo, )

4. (a) sin! <% = cosec™'x, Vx € (—oo, —1]U[1,00)
(b) cos™ (%) = sec'x, Vx € (—o0, —1]U[1, o)

© tan”"! (;) :{ cot_lx_7 forx>0

—m+cot 'x, forx>0

Q

5. (@) sin"'x+cosTlx= E,Vxe [—1, 1]
T
(b) tan"'x+4cot lx= 5 Vx € (—oo,00)
(c) cosec 'x+sec lx= 7—;, Vx € (—eo, 1JU[1, o)
tan_1<x+y>, if xy<l
1 —xy
6. (a) tan 'x4tan 'y = 7r+tan1<lx+y>, if x>0,y>0 and xy>1
—xy
— 7 +tan~! (%), ifx<0,y<0 and xy > 1
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Inverse Trigonometric Functions

tan_1<1x_:;y>, if xy>—1
(b) tanflx—tan*ly ={ m+tan”! (%) , ifx>0,y<0andxy < —1
—m+tan~! (%), ifx<0,y>0 and xy < —1
Xy

sin~ {x\/l —2+yV/1 —xz}.

if —1<x,y<landx*+y*<1

or
L o ifxy<0andx2—|—y2>1
7. (a) sin” 'x+sin"y= n—sin_l{x\/l—y2+y\/1—xz}

if 0<x,y<1 and x2—|—y2>1

—ﬂ—sinfl{x\/l—yz—l—y\/l—xz},

if —1<x,y<0 and P4y >1
sin”! {x\/l—yz—y l—xz},

if —1<x,y<1 and x2+y2§1

or
by sin-! . if xy >0 and x2+y2>1
(b) sin™"x —sin""y = m—sin~! {)CM—)} l—xz},

if 0<x<1,-1<y<0and x¥*+y*>1
—m—sin~! {x\/l—y2—y l—xz},

if —1<x<0,0<y<1 and X*>+y*>1

cos ™! {xy—\/l—xzx/l—yz},

if —1<x,y<1and x+y>0

2 —cos ! {xy—\/l—xzvl—yz},

if —1<x,y<1and x+y<0
cos™! {xy—i-\/l—xz\/l—yz},

if —1<x,y<land x<1 and x<y

—cos ™! {xy+ MM}

if —1<y<0,0<x<1and x>y

8. (a) cosflx—i-cos*ly:

(b) cos lx— cos_ly =

sin 1 (2xy/1 —x2), if —

1
9. (a) 2sin " 'x=1{ W—sin"'(2x\/1—x2), if ——<x<1
@ x (2xy/ ) =5 1
—m—sin~!(2xy/1 —x2), if —1<x<——

\ 2
sin~ ! (3x — 4x?), if—%gxgé
(b) 3sin"'x={ m—sin"!(3x—4x’), if% <x<1
—m—sin'(3x—4x%),  if —1<x< —%
“x? - if0<x<
10 @ ® ZCOS_I’C:{ ;jrs—g;‘(zlyc)i—l), l];?:)lcgalcgo
cos ™! (4x® — 3x), if% <x<1
(b) 3cos 'x = 27 —cos~ ! (4x® — 3x), if —% <x< %
27 +cos ! (4x® —3x), if —1<x< —%
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11.

12.

13.

14.

15.

16.

17.
18.
19.

20.

21.

22.

23.

24.

2
tan_1<1_xx2 , if—1<x<1
2
(a) 2tan'x = 7r—|—tan1<1_xx2>, ifx>1
2
—7r+tan_1<1_xx2), ifx<—1
tan~! 30 if ! <x< !
if — — —
1—3x2 ’3 V3 V3
3x—x 1
b) 3tan 'x={ 7+tan! ] —
(b) X + tan 1—3x237 zfx>\@
—m+tan”! X if <—L
1—32) Y7 V3
2
sin_1<1_‘_xz>7 if —1<x<1
X
2
(@) 2tan 'x={ 7w—sin"! <1+xx2>7 ifx>1
2
—7 —sin 1<1+xx2>’ if x<—1
1— 2
cos_1< x2>, if0<x<oo
(b) 2tan'x = 1+x
= 2

if —o<x<0

(@) sin " 'x=cos™'\/1—x2=tan"! <
(b) cos 'x=sin"'V/1—x2=tan"! (

)~ (le_—j et (=

- =cot ! S =sec”! ! = cosec” !
x B Vi-x2) x

x 1 1
(c) tan"'x =sin~! ( > = cos™! ( ) =cot '~ =sec™'\/1+x2 =cosec”!
1 4 x2 1+ 2 x
6 and sin(sin~'x) = x; provided that —1 < x < 1 and — 5 <6< g

sin”!(sin@) =
cos ! (cos @) =
tan~ ! (tan 6)

cot™ ! (cot@) =

sec” ! (sech)

cosec™ ! (cosech)

— ) orcosec™ ly=sin"!( -
X X
: > <
or sec 'x=cos™
—1 -1 1 -1 -1
tan "x =cot - or cot "x =tan
X

sin”'x = cosec

cos 'x=sec™! <

sin"'x = cos™!

_ L i V1—x
cos 'x=sin"'\/1-x2=tan ' F—
X
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0 and cot(cot™

1 —x2 =tan

=0 and tan(tan”'x) = x, provided that

= 0 and sec(sec”'x) =x

=0 and cosec(cosec™!

—1

X
V1—x2

2

'x) = x, provided that

=cot

-1 1 -1
= Se€C ~— = CcosecC
X

0 and (cos*lx) =x,provided that —1 <x <1 and 0< 0 < 7.

-7 T
—o < x< oo and — <0< —.
X an 2 2

—o < x<ooand 0< 0 < 7.

X—X

1

m) — ot <\/1%7>
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_ L x _ ! B B 1—x2
25. tan 'x = sin 1( )zcos 1 =cot™'= =sec 1\/H—xzzcosec 1( )
X X

1
V14+x2 V14+x2

1 1

26. sin"'x+cos™

ty

27. tan_lirtan_ly:tan_l (]ery) ,ifxy<1 tan_lirtan_lyz717+tan_1 (]x) , if xy>1 tan_letan_lyztan_1 <
—Xy —Xxy

28. sin 'x+sin~'y =sin~ (x\/1 —y2+yV/1 —x2) if x,y>0andx* +y* <1

29. sin~xsin ™Y = 7w —sin ! (xy/1T =2 £yV/1-2) ifx, y > 0, 2 +)% > 1
30. cos'xcos !y =cos T (yF V1 -2/ 1-y2), if x, y > 0 and »* +y* < 1

31. cos 'xtcos ly=m—cos (xy£ V1 —x2/1—y2 ifx, y > 0and x> +y* > 1

32. sin~!(—x) = —sin"!x, cos ! (—x) =x—sin"'x tan ! (—x) = —tan"'x, cot ! (—x) = x —cot 'x

2 2 1—x?
33. 2sin”'x = sin"! (2xv/1 —x22sec 'x = tan~!(2x® — 1) 2tan " 'x = tan~! ) =sin! A ]
1—x2 1—x2 1+x2

34. 3sin~'x = sin" ! (3x —4x?), 3cos lx = cos ! (4x> — 3x) 3tan"lx = tan~! ( lx 3x2>
—3x

35. tan”'x+tan"'y+tan~ 'z = tan”' (x—l—y—&—z—xyz)

1—xy—yz—zx

36. tan”'x+tan"'y+tan 'z = tan”' (x—l—y—&—z—xyz)

1—xy—yz—zx
S1—8,+83.....
1-814+S8S4—S¢+.....

37. tan*]xl —Han*lxz +...+tan”!

Xy = tan~! [

taken k at a time.

T T T
x= 7 where —1 <x < 1tan 'x+cot 'x= 7 where —oo < x < oosec” ' x+cosec” lx= 7 wherex< —1orx>1
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Inverse Trigonometric Functions

Note : Important substitutions to simplify trigonometric expressions involving inverse trigonometric
functions.

1. For v/ a? —x%; we substitute x = asin® or x =acos
2. For v/ a? +x2; we substitute x = atan@ or x = acot

3. For /x2 ; we substitute x = asec 0 or x = acosec6

la la—x
4. For ; we substitute x = acos 0 or x =acos20
a+x

N

%@, "V THINGS TO REMEMBER

1. Inverse Trigonometric Function : A function f : A — B is invertible if it is a bijection. The inverses of f is denoted by f~! and is
defined as f~!(y) = x & f(x) = y. Clearly, domain of f~!' = range of f and range of /! = domain of f.

2. The inverse of sin function is defined as sin~'x = 6 < sin @ = x, where 6 € [~7/2, /2] and x € [—1, 1].
3. Thus, sin~'x has infinitely many values for given x € [—1, 1].

4. There is one value among these values which lies in the interval [—7/2, /2]. This value is called the principal value.
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